SZEGO KERNEL ASYMPTOTICS AND MORSE INEQUALITIES ON 

CR MANIFOLDS 

CHIN-YU HSIAO AND GEORGE MARINESCU 

Abstract. Let X be an abstract compact orientable CR manifold of dimension 
2n — 1, n ^ 2, and let L k be the k-th tensor power of a CR complex line bundle 
L over X. We assume that condition Y(q) holds at each point of A. In this paper 
we obtain a scaling upper-bound for the Szego kernel on (0,(7)-forms with values in 
L k , for large k. This gives after integration weak Morse inequalities, analogues of 
the holomorphic Morse inequalities of Demailly. By a refined spectral analysis we 
obtain also strong Morse inequalities. We apply the strong Morse inequalities to the 
^D ■ embedding of some convex-concave manifolds. 
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1. Introduction and statement of the main results 

The purpose of this paper is to establish analogues of the holomorphic Morse inequal- 
ities of Demailly for CR manifolds. Demailly [16] proved remarkable asymptotic Morse 
inequalities for the d complex constructed over the line bundle L k as k — > oo, where L 
is a holomorphic hermitian line bundle. Shortly after, Bismut [8] gave a heat equation 
proof of Demailly's inequalities, which involves probability theory. Later Demailly [T7] 
and Bouche [TT] replaced the probability technique by a classical heat kernel argument. 
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The book [25] introduced an argument based on the asymptotic of the heat kernel of 
the Kodaira Laplacian by using the rescaling of the coordinates and functional ana- 
lytic techniques inspired by Bismut-Lebeau O §11] (see also Bismut-Vasserot [ID])- A 
different approach was introduced by Berndtsson [7] and developed by Berman [51 [6] ; 
they work with the Bergman kernel and use the mean value estimate for eigensections 
of the Kodaira Laplacian. The idea of all these proofs is localization of the analytic 
objects (eigenfunctions, kernels) and scaling techniques. See also Fu-Jacobowitz [21] 
for related results on domains of finite type. 

Inspired by Bismut's paper, Getzler [22] gave an expression involving local data for 
the large k limit of the trace of heat kernel of the <9b-Laplacian on L k , where L is a CR 
line bundle over a CR strongly pseudoconvex manifold. But Getzler didn't infer from 
this asymptotics Morse inequalities for the cVcomplex. 

In this paper we introduce a method that produces Morse inequalities with com- 
putable bounds for the growth of the db coholmology and allows also more general 
CR manifolds. Our approach is related to the techniques of Berman [5] and Shaw- 
Wang [32]. 

In a project developed jointly with R. Ponge [311 [29] we use the heat kernel asymp- 
totics and Heisenberg calculus to prove holomorphic Morse inequalities for a line bundle 
endowed with the CR Chern connection. This method predicts similar results and ap- 
plications as of the present paper. 

For a complex manifold with boundary, the <9b-cohomology of the boundary is linked 
to the <9-cohomology of the interior, cf. Kohn- Rossi [25], Andreotti-Hill [21 E]. Stephen 
S.T. Yau [33] exhibited the relation between the cVcohomology of the boundary of a 
strictly pesudoconvex Stein analytic space with isolated singularities and invariants of 
the singular points. Holomorphic Morse inequalites for manifolds with boundary were 
obtained by Berman [6j and in [2H1 [30] (cf. also J2H1 Ch. 3]). The bounds in the Morse 
inequalities appearing in this paper are similar to the boundary terms in Berman's 
result [6]. For the relation between the boundary and interior cohomology of high 
tensor powers L k see also [27J. 

On the other hand, the ^-complex on an abstract CR manifold has important conse- 
quences for the embedability and deformation of the CR-structure, see the embedding 
theorem of Boutet de Monvel [T3] for strictly pseudoconvex CR manifolds and the 
paper of Epstein-Henkin 



In this paper we will study the large k behavior of the Szego kernel function n}f (x), 
which is the restriction to the diagonal of the integral kernel of the projection i7 fc 
on the harmonic (0, g)-forms with values in L k . The Szego kernel for functions on a 
strictly pseudoconvex CR manifold was studied by Boutet de Monvel [12] and Boutet 
de Monvel- Sjostrand [2] and has important applications in complex analysis and ge- 
ometry. 



1.1. Terminology and Notations. Let (X, A 1,0 T(X)) be a compact orientable CR 
manifold of dimension 2n — 1, n ^ 2. Fix a smooth Hermitian metric ( | ) on CT(X) 
so that A l,0 T(X) is orthogonal to A 0,1 T(X) and (u \ v) is real if u, v are real tangent 
vectors, where A 0,1 T(X) = A 1,0 T(X) and CT(X) is the complexified tangent bundle. 
Then there is a real non-vanishing vector field T on X which is pointwise orthogonal 
to A 1,0 T(X) © A°' 1 T(X). The Hermitian metric ( | ) on CT(X) induces, by duality, 
a Hermitian metric on the complexified cotangent bundle CT*(X) that we shall also 
denote by ( | ). Let A 0,q T*(X) be the bundle of (0, q) forms of X. The Hermitian metric 
( | ) on CT*(X) induces a Hermitian metric on A 0,q T*(X) also denoted by ( | ). Let 
D C X be an open set. Let Q°' q (D) denote the space of smooth sections of A°' q T*(X) 
over D. Similarly, if E is a vector bundle over D, then we let Q 0,q (D,E) denote the 



space of smooth sections of A 0,q T*(X) © E over D. Let Q®' q (D, E) be the subspace of 
Q°' q (D,E) whose elements have compact support in D. 

If we A^T^X), let w A '* : A°> q+1 T*(X) -> A°'«7£(X), q > 0, be the adjoint of the 
left exterior multiplication w A : A°> q T*(X) ->■ A°' 9+1 T 2 *(X), w A w :=u>Am: 



(1.1) (u> A w | u) = (iu A u | v) = (u | w A '*w), 

for all u G A°> q T*(X), v G A°' 9+1 T 2 *(X). Notice that w A '* depends anti-linearly on w. 

Let A lfi T*(X) denote the bundle with fiber A lfi T*(X) := A°^T*(X) at z G X. Lo- 
cally we can choose an orthonormal frame u±(z), . . . , u n -i(z) for the bundle A 1,0 T*(X), 
then uJi(z), . . . ,uJ n -i(z) is an orthonormal frame for the bundle A 0,1 T* (X). The real 
(2n — 2) form u = i n ~ x oj\ A W\ A • • • A w n _i A U n -i is independent of the choice of the 
orthonormal frame. Thus u is globally defined. Locally there is a real 1-form ujq(z) of 
length one which is orthogonal to A 1,0 T*(X) © A 0,1 T 2 *(X). The form Uq(z) is unique 
up to the choice of sign. Since X is orientable, there is a nowhere vanishing (2n — 1) 
form Q on X. Thus, Uq can be specified uniquely by requiring that u> Au = fQ, where 
/ is a positive function. Therefore u , so chosen, is globally defined. We call u the 
uniquely determined global real 1-form. We choose a vector field T so that ||T|| = 1, 
(T, wo) = — 1. Therefore T is uniquely determined. We call T the uniquely determined 
global real vector field. We have the pointwise orthogonal decompositions: 

CT*(X) = A lfi T*{X) © A°' 1 T*(X) © {Aw ; A G C} , 
^ ' ' CT(X) = A 1 '°T(X) © A°- 1 T(X) © {AT; A G C} . 

In the sequel we will denote by (•, •) both scalar products as well as the duality bracket 
between vector fields and forms. 

Definition 1.1. For p G X, the Levi form C p is the Hermitian quadratic form on 
A 1 '°T P (X) defined as follows. For any U, V_e A^Tppf^pick U, V G C°°(X; A lfi T(X)) 
such that U{p) = U,V(p) = V. Set C P (U,V) = ±([U ,V] (p) ,w (p)> , where [W,V] = 
W V-VW denotes the commutator of W and V. Recall that C p does not depend of 
the choices of U and V. Given g G {0, . . . ,n — 1}, the Levi form is said to satisfy 
condition Y(q) at p G X, if £ p has max (g + 1, n — g) eigenvalues of the same sign or 
min (q + 1, n — q) pairs of eigenvalues with opposite signs. 

Assumption 1.2. Throughout the paper we assume that the Levi form is non-degene- 
rate and condition Y(q) holds at each point of X . 

1.2. CR complex line bundles, Semi-classical ^-Complex and D b . Let 

(1.3) d b : Q°' q (X) ->• fi°' 9+1 (X) 

be the tangential Cauchy-Riemann operator. We say that u G C°°(X) is CR if d^u = 0. 

Definition 1.3. Let L be a complex line bundle over X. We say that L is a CR 
complex line bundle over X if its transition functions are CR. 

From now on, we let (L, h L ) be a CR Hermitian line bundle over X, where the 
Hermitian fiber metric on L is denoted by h L . We will denote by <fi the local weights 
of the Hermitian metric. More precisely, if s is a local trivializing section of L on an 
open subset Del, then the pointwise norm of s is 

(1.4) \ s ( x )\l L=e ~^\ ^r(D;l). 

Let L k , k > 0, be the k-th tensor power of the line bundle L. The Hermitian fiber 
metric on L induces a Hermitian fiber metric on L k that we shall denote by h L . If 
s is a local trivializing section of L then s h is a local trivializing section of L k . For 



/ G Q°' q (X,L k ), we denote the poinwise norm \f(x)\ : = \f(x)\ hL k. We write d b ,k to 
denote the tangential Cauchy-Riemann operator with values in L k : 

(1.5) d b;k : fi°*(X, L k ) -* tt°« +1 {X, L k ) , \ k (s k u) := s k d b u, 

where s is a local trivialization of L on an open subset D C X and n G fi°' 9 (.D). We 
obtain a c^-complex (r2°''(X, L k ), db,k) with cohomology 

(1.6) H;(X,L k ) := kerd feifc /Imd 6ifc . 

We denote by dm = dm(x) the volume form on X induced by the fixed Hermitian 
metric ( | ) on CT(X). Then we get natural global L 2 inner products ( | )fe, ( | ) on 

Q°' q {X,L k ) and Q°> q (X) respectively. Let 

(1.7) K,k ■ tt°' q+1 (X, L k ) -)• n°' q (X, L k ) 

be the formal adjoint of d b ^ with respect to ( | )k- The Kohn Laplacian with values in 
L k is given by 

(1.8) ng = ^; A. + AkKk ■ n°> q (x, L k ) -+ tf«{X, L k ). 

We extend ng to the L 2 space by ng : DomOg C ^ 0g) (X, L k ) -> L 2 ^ q) (X,L k ), 

where DomOg := {« G L 2 {0q) (X, L k ); ngu G L 2 0q) (X, L k )}. Consider the space of 
harmonic forms 

(1.9) J^(X,L k ):= KerOg. 

By [25 7.6-7.8], [20, 5.4.11-12], [15, Props. 8.4.8-9], condition Y(q) implies that ng is 
hypoelliptic, has compact resolvent and the strong Hodge decomposition holds. Hence 
(1.10) 

dim J% q {X, L k ) < 00 , J% q {X, L k ) C fi°' 9 (X, L k ) , J% q {X, L k ) S # b 9 (X, L fe ) . 

Let /j(x) G fi 0,9 (X, L fc ), j = 1,...,N, be an orthonormal frame for the space 
Jif b q (X,L k ). The feego kernel function is defined by 

AT JV 

(1-11) ni q \ x ) = J2 \ffc)\U = : Ei^)i 2 - 

i=i i=i 

It is easy to see that 77 fc (a;) is independent of the choice of orthonormal frame and 



1.12) dim^f(X,L fc )= I n k {q \x)dm{x). 

Jx 



1.3. The main results. We will express the bound of the Szego kernel with the help 
of the following Hermitian form. 

Definition 1.4. Let s be a local trivializing section of L and the corresponding local 
weight as in fll.4p . The Hermitian quadratic form M^ on A 1,0 T P (X), p G D, defined by 

(1.13) M*(U,7) = ±(UAV,d(B b <i>-d b <l>)(j>)}, U,VeA^%{X), 

where d is the usual exterior derivative and db<p = d b cj). 

In Proposition 16.11 we show that in the embedded case M^ is the restriction of the 
Chern curvature of the holomorphic extension of L. But in the abstract case the 
definition of M% depends on the choice of local trivializations. However, set 

^■<t>(p),q = {s G M; M^ + sC p has exactly q negative eigenvalues 

and n — 1 — q positive eigenvalues} , 



where the eigenvalues of the Hermitian quadratic form Mg + sC p , set, are calculated 
with respect to ( | ). It turns out (see Proposition 14. 2p that the function 

(1.15) X^R, x^ \det(M* + s£ x )\ds 

does not depend on the choice of 0, where det(M^ + sC x ) is the product of all the 
eigenvalues of M* + sC x . Thus, the function (I1.15P is well-defined. Since M£ and C x 
are continuous functions of x G X, we conclude that the function (I1.15P is continuous. 
Now, the main result of this work is the following 

Theorem 1.5. There is a constant Cq > independent of k, such that 

(1.16) k- n n^\x) ^ C , for all xeX. 
Furthermore, we have 

(1.17) lim sup k~ n nl q \x) ^ (27r)~ n f \deb{M+ + sC x )\ds, for all x G X. 

From f)1.12p . Theorem 11.51 and Fatou's lemma, we get weak Morse inequalities on CR 
manifolds. 

Theorem 1.6. We have for k — > oo 

(1.18) dimH q (X,L k ) <: — — / / \det(M^ + s£ x )\dsdm(x) + o(k n ). 

From the classical work of Kohn [2U Th.7.6], [201 Th. 5.4.11-12], [H Cor. 8.4.7-8], 
we know that if Y(q) holds, then D^ has a discrete spectrum, each eigenvalues occurs 
with finite multiplicity and all eigenforms are smooth. For A G R, let Jtff b q <x (X, L k ) 
denote the spectral space spanned by the eigenforms of O b j. whose eigenvalues are 
bounded by A. We denote by W k f' <x the restriction to the diagonal of the integral kernel 
of the orthogonal projector on Jrff b q <x (X, L k ) and call it the Szego kernel function of 
the space J? b % x (X,L k ) Then n<% x (x) = £^i \g,(x)\ 2 , where 9j (x) G Q^(X,L k ), 
j = 1, . . . , M, is any orthonormal frame for the space Jtf? b q <x (X, L k ). The following is 
one of the main results. 

Theorem 1.7. For any sequence Vk > with v^ — y 0, as k —¥ oo, there is a constant 
C' independent of k, such that 

(i-i9) k- n n^ kVk (x)^c 

for all x G X . Moreover, There is a sequence fi^ > ; /^ — > 0, as k — > oo, such that 
for any sequence v^ > with lim&^oo — = 0, we have 

(1.20) lim k- n ni% Uk {x) = (2tt)-" / \det(M* + sC x )\ds, 

fe— ><X> ^ /TBi 

for all x G X . 

By integrating (jl.20p we obtain the following semi-classical Weyl law: 

Theorem 1.8. There is a sequence /^ > 0, fik — > 0, as k — > oo, sttc/j £/ta£ /or any 
sequence v^ > wi/i lim^oo — = 0, we have 

dim^^ fc (X,L fc ) = -£-[[ \det(Mt + sC x )\dsdm(x) + o(k n ). 

From Theorem 11.81 and the linear algebra argument from Demailly [TB] and 
obtain strong Morse inequalities on CR manifolds (see §6): 



Theorem 1.9. IfY(j) holds, for all j = 0, 1, . . . , q, then as k — y oo 
<? 
^(-l)^dim^(X,L fc ) 



3=0 



k n q 



j=0 JXu ^{x),i 



^^rE^ 1 )^' /„ /_ \det(Mt + sC x )\dsdm(x) + o(k n ). 



If Y(J) holds, for all j = q, q + 1, . . . , n — 1, then as k — y oo 



71—1 



Y / (-l)«-3dimHi(X,L k ) 

j=q 

<7^-^(-l)"/ / \det(Mi + s£ x )\dsdm(x) + o(k n ). 

In section 6.1, we will state our main results in the embedded case, that is, when 
X is a real hypersurface of a complex manifold M and the bundle L is the restriction 
of a holomorphic line bundle over M. In this case the form M^ is the restriction 
to A 1,0 T p (X) of the curvature form R L . To wit, we deduce from the weak Morse 
inequalities (Theorem II. 5ft : 

Corollary 1.10. Let M be a complex manifold of dimension n and let D = {p e M : 
r(p) < 0} be a strongly pseudoconvex compact domain with smooth definition function 
r : M — > R which is strictly plurisubharmonic in a neighbourhood of X = dD. Let 
(L, h L ) be a Hermitian holomorphic line bundle whose curvature is proportional to the 
Levi form of D on X , i.e. there exists a smooth function A : X — > R such that R L = XC r 
on the holomorphic tangent bundle of X . Then dimH^(X,L k ) = o(k n ) as k — y oo for 
alll^q^n-2. 

Example 1.11. Let N be a compact complex manifold of dimension n and (E, h E ) be 
a positive line bundle on N. Let D = {v € E*\ \v \ k e* < 1} be the Grauert tube, set 
X = dD and let n : X — y N be the canonical projection. Then we can apply Corollary 
11.101 and we obtain that the (Vcohomology of the CR line bundle L := tt*E satisfies 
dimH£{X, L k ) = o{k n+1 ) as k -> oo for all 1 ^ q < n - 1. 

To exemplify the use of the strong Morse inequalities on CR manifolds, we formulate 
a condition to guarantee that a CR line bundle is big in the embedded cases. 

Theorem 1.12. Let M be a relatively compact open subset with C 00 boundary X of a 
complex manifold M' of dimension n. Furthermore, let L be a Hermitian holomorphic 
line bundle over M' with positive curvature R L . We assume that the Levi form of 
X is non- degenerate and has at least two negative and two positive eigenvalues. Let 
Xi(x), . . . , A n _i(:r) be the eigenvalues of the Levi form with respect to R L . Assume that 
Xj < 0, j = l,...,n_, Xj > 0, j = n_ + l,...,n - 1, [Aij < |A 2 | < ••• < \K-\, 
|A n _+i| < ••• ^ |A n _i|. If X\{x) = X 2 (x), X n _ + i(x) = A n _ +2 (x), at each point of X , 
then there is a positive constant c, such that dimHj}(X, L k ) ^ ck n . 

In §6, we will give examples which satisfy the assumptions of Theorem II. 121 Keeping 
in mind the notion of g-pseudoconvexity and pseudoconcavity of Andreotti-Grauert [lj 
we introduce the following. 

Definition 1.13. A complex manifold M with dime M = n is called a (n — 2)-convex- 
concave strip if there exists a smooth proper map p : M — y R whose Levi form ddp has 
at least three negative and three positive eigenvalues on M. The function p is called 
an exhaustion function. 



Theorem 1.14. Let M be a (n — 2) -convex-concave strip with exhaustion function p. 
Let a £ K. be a regular value of p and set X := {p = a}. Assume that there exists a 
holomorphic line bundle L — >■ M whose curvature form R L is positive on X and the 
Levi form ddp\x satisfies the assumptions of Theorem ! 1.12[ Then the line bundle L is 
big. Therefore, the transcendence degree of the meromorphic function field Km equals 
n = dimcM and the Kodaira map <& k : M • • • — > ¥(H°(M,L k )*) is an immersion 
outside a proper analytic set. 



1.4. Sketch of the proof of Theorem 11.51 To simplify the exposition we consider 
only the case q = 0, i.e. we show how to pointwise estimate the function limsup LI k . 

k— >oo 

It is easy to see that for all x £ X we have 

^1 f (x) = S k (x) := sup |«(^)| 2 7 

aeH°(X,L k ),\\a\\=l 

where S k (x) is called the extremal function. For a given point p £ X, by definition, 
there is a sequence u k £ H®(X,L k ), \\u k \\ = 1, such that \imsup k _^ 00 k' n S k (p) = 
limfc^oo k~ n \uk(p)\ ■ Near p, take local coordinates (x, 9) = (z,9) = (xi, . . . , xin-2-, 9), 
Zj = x 2j -i + ix 2j , j = 1, . . . , n - 1, (x(p), 6(p)) = 0, such that £- = \{q^-^ - ^J-), 
j = 1, ... ,n — 1, is an orthonormal basis for A 1,0 T P (X) and the Levi form and local 
weight are given by C p = YTj=i ^j^ z j ® dzj an d 

n-1 

= pe + J2 t*j&zt + R{z) + o(\ z \ \e\) + o(\e\ 2 ) + o(\( z , e)\ 3 ), 
j,t=i 

where R(z) = 0(\z\ 2 ), J-i? = 0, j = 1, . . . ,n - 1. Let F k (z,6) := (^, f ) be the 

scaling map. For r > 0, let D r = {(z, 9) = (x, 9); \xj\ < r, \9\ < r, j = 1, . . . , 2n — 2}. 
Now, we consider the restriction of u k to the domain F k (D\ ogk ). The function a k : = 
k~%F k (e~ kR u k ) £ C°°(Aogfe), satisfies limsup^^ k~ n S^(p) = lim^^ |a fc (0)| 2 , where 
F*f £ C°°(Ao g fc) denotes the scaled function /(^,|), / £ C°°(F k (Di ogk )). More- 
over, a k is harmonic with respect to the scaled Kohn Laplacian O s L-, (cf. ( 12.21]) ). 
The point is that □;, ;L converges in some sense to the model Laplacian Dr b ' H on 
H n := C 11 - 1 x R (cf. ( 12~33]) V In fact, D^ is the Kohn Laplacian defined with re- 
spect to the CR structure Uj t H n :— ^- — A=i\jZj-^, j = 1, . . . , n — 1, and the weight 

e~^°, ^o = /39 + Y^~t=il J >j,tZj z t- Since Y(q) holds, O s ! k , is hypoelliptic with loss of 
one derivative. Thus, the standard techniques for partial differential operators (Rel- 
lich's theorem and Sobolev embedding theorem) yield a subsequence a k . converging 
uniformly with all the derivatives on any compact subset of H n to a smooth function 
a, which is harmonic with respect to O bH . This implies that 

limsup k- n S { k °\p) = H0)| 2 ^ Sg>(0) := sup |/(0)| 2 . 



nl°k/=o,ll/IU =i 



Computing the extremal function in the model case explicitly (see §4) finishes the proof 
of (07)1 . 

This paper is organized as follows. In §2 we first introduce the extremal function 
and we relate it to the Szego kernel function. Then we introduce the scaled Kohn 
Laplacian D (k) and prove the rough upper-bound for the Szego kernel function ( ll.ISp 



(cf. Theorem 12. 7| ). Moreover, by comparing the scaled operator D^L to the Kohn 

Laplacian □),# on the Heisenberg group we estimate in Theorem 12 .91 the Szego kernel 
function on X in terms of the extremal function on the Heisenberg group. The latter 



is computed explicitely in §3. In §4 we use this information in order to prove the local 
Morse inequalities ( 11.17)1 and by integration the weak Morse inequalities (11.181) . In §5 
we analyse the spectral function of □j, 9 L-, and deduce the semi-classical Weyl law, thus 
proving Theorems I1.7H1.9I In §6 we specialize the previous results to the case of an 
embedded CR manifold and prove Theorems 11.121 and 11.141 Moreover, we exemplify 
our results in two concrete examples, one of a Grauert tube over the torus and the 
other of a quotient of the Heisenberg group. 

2. The estimates of the Szego kernel function 7I fc (<?) 

2.1. The Szego kernel function Ilj, f (x) and the extremal function S k 9 j(x). 

We first introduce some notations. For p G X, we can choose an orthonormal frame 
ei(y), . . . ,e n -i(y) for A°' l T* (X) varying smoothly with y in a neighborhood U of p. 
For a multiindex J = (ji, . . . ,j q ) G {1, . . . , n — l} q we write \J\ = q. We say that J 
is strictly increasing if 1 ^ j\ < j 2 < ■ ■ ■ < j q ^ n — 1. Then (e J (y) := tj x A ■ • • A 
e j q )^<ji<j2<-<jq<n~i is an orthonormal frame for A°' q T*(X). For / G Q°' q (X,L k ), we 
may write f\u = Yl'\j\= q fj eJ ' ■> with fj = (f,e J ) G C°°(U; L k ), where Yl' means that 
the summation is performed only over strictly increasing multiindices. We call fj the 
component of / along e J . It will be clear from the context what frame is being used. 
The extremal function Sj?j along the direction e J is defined by 

(2.1) Si%)= sup \aj(y)\ 2 . 

ae,je b q (X,L k ),\\a\\ = l 



Lemma 2.1. For a given local orthonormal frame {e J (y); \J\ = q, J strictly increasing} 
ofA^T*(X)\u, UCX open, we have that nj?\y) = £ ]J]=q S$(y) . 

Proof. Let {fj)j=i,...,N be an orthonormal frame for the space J^ b q (X,L k ). On U 
we write n^iy) = Y!\j\= q n k}{v)^ where n k}(v) '■= J2j\fj,j(y)\ 2 - lt is eas y to 

r(9)/ 



see that II k j(y) is independent of the choice of the orthonormal frame (fj)- Take 
a G Jrf? b q (X, L k ) of unit norm. Since a is contained in an orthonormal base, obviously 
Mv)\ 2 < n${y). Thus, 

(2.2) Sj?j(y) ^ II k j(y) , for all strictly increasing J, \J\ = q. 

Fix a point p G U and a strictly incresing J, \J\ = q. For simplicity, we may assume 
that <p(p) = 0. Put 

u(y) = (Ef=i \kAp)\ 2 y 1/2 ■ T^WkMlM ■ 

We can check that u G H q (X,L k ) and ||w|| = 1. Hence, \uj(p)\ 2 ^ S kJ (p), therefore 

n k %(p) = Ef=i\fjAP)\ 2 = MP)\ 2 < S { k %). By (J22D, 11$ = S$for all strictly 
increasing J with \J\ — q and the lemma follows. □ 

2.2. The scaling technique. For a given point p G X, let Ui(y), . . . , U n -i(y) be an 
orthonormal frame of A 1,0 T ?/ (X) varying smoothly with y in a neighborhood of p, for 
which the Levi form is diagonalized at p. Furthermore, let s be a local trivializing 
section of L on an open neighborhood of p and |s| = e - ^. We take local coordinates 
(x, 6) = (z,9) = (xi, . . . , X2n-2, 0), Zj = Xij-\ + ix 2 j, j = 1, . . . , n — 1, defined on an 
open set D of p such that u (p) = V2d9, (x(p),9(p)) = 0, (-£-(p) \ -£^ t (p)) = 2$j,t, 
(£-(p) I UP)) = 0. (5(P) I Up)) = 2, j, t = 1, • • • , 2n - 1, and 

(2.3) U^^-±^-± Cj 9l e+ 0(\( Z ^), i = l,..,n-l, 



and 

n— 1 n— 1 n—l 

j=i j,t=i j,t=i 

+ 0(\z\\9\) + 0(\9\ 2 ) + 0(\(z,9)\ 3 ), 



(2.4) 



where /3 G K, c,-, a,-, o ijt , // At G C, 6 jtt = 1 if j = t, S j>t = if j ± t, £- = 5(5^7- igjy , 
for j, £ = 1, . . . , n — 1 and Xj, j = 1, . . . , n — 1 are the eigenvalues of C p . This is always 
possible, see [U p. 157-160]. In this section, we work with this local coordinates and 
we identify D with some open set in M 2n_1 . Put 

n— 1 n— 1 

(2.5) i2(z, 0) = Y^ a J z J + Yl a it z i Zt ' 

i=i i,*=i 

(2.6) 

n-l 

0o = - #(*, 0) - ^Ml = ^ + ^ ^- t ^ + 0(|*| |0|) + 0{\6\ 2 ) + Ofl(z, 6)\ 3 ) . 

j,t=i 

Let ( I )k$ and ( | )^ be the inner products on the space f2°' 9 (.D) defined as follows: 
(/ I 9U = W I g^dm, (/ | ^ = J (/ | g) e - k ^dm, where / )S e fi^(D). Put 



L 2 m {D,k(j)) = luE @'{D; A°' q T*(X)); f \u\ 2 e~ k(p dm < 00 

L 2 ^ q) (D,k^ ) = U G &(D; A '"T*(X)); / \u\ 2 e~ k ^dm < 00} , 

where @'(D, A°' q T*(X)) denotes the space of distribution sections of D over A 0,9 T*(X). 
We extend the inner products ( | )^ and ( | )^ to the spaces L 2 JD,k(f>) and 
Lf a \(D, k(fi ) respectively. We have the unitary identification 






L%ADMo)^L%AD,k<l>) 



(2.7) { u^u = e KU u, 

u = e~ kR u <r- u. 

Let d* b M : n°> q+1 (D) -> fi -^/)) be the formal adjoint of d b with respect to ( | ) k<t> . Put 

Dg = 0^' fc * + d* b k % : fi°«9(D) -)• fi°'«(D). Let it G n°> q (D,L k ). On D, we write 

m = s fc M, -u G f2°' 9 (.D). We have H^u = s fc DJ ) ' 7 L'u. In this section, we identify u with u 

and Og with D^ . Note that |m(0)| 2 = \u(0)\ 2 e- k ^ = |u(0)| 2 . 

In the sequel we denote by a/\ the operator of left exterior multiplication with a 
form a. The adjoint of this operator is denoted by a A >*. 

If u G £l°' q (D) fl L 2 g )(A /c0o)> using (12. 7p . we have <9 b -u = <9 s w = e kR d s u, where 

(2.8) d s = d b + k(d b R) A . 

Let (ej(z, 0))j=i,..., n -i denote the basis of A ' 1 !? e \(X), dual to (Uj(z, 0))j=i,..., n -i- Then 
d b = YTj=i { e j A Uj + d b tj A e-'*J. Note that e-'* = %., the interior product with L^-. 
Thus, 



n—l n— 1 

3=1 3=1 



n—l n—l 

(2.9) d s = Y ^(Uj + kQtfjRJ) + Yfai) A e ^ 
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and correspondingly 



n— 1 n— 1 



(2.io) a: = £ <** { U ) M ° + fc (^)) + E e > A (^) A '*' 

i=i j=i 

where d b ' u = e kR d s u and £/■' is the formal adjoint of t/j with respect to ( | )k<f> , 
j = 1, . . . , n — 1. We can check that 

(2.11) U* Mo = -Uj + k{U j( j> Q ) + 8j{z, 9), 
where Sj G C°°(D), Sj is independent of k, j = 1, . . . , n — 1. Put 

(2.12) D® = d s d* s +$*& : n°' q (D) -> n°' q (D). 
We have 

(2.13) dfu = e kR U^u = n[%u. 
Proposition 2.2 ([231 Prop. 2.9]). We /»a«e 

□i 9) =^:+^ 



n-1 



(2.14) 



i=i 
n-l 

+ X) e i A e * A '* [^i + k (Pi R ) > ^'^° + M^ 

+ e(F + k(UR)) + e(F* ' fc *° + fc(tfg)) + f{z, 9), 

where e(U + k(UR)) denotes remainder terms oftheformY2 a j(z,9)(Uj + k(UjR)) with 

dj smooth, matrix-valued and independent ofk, for all j , and similarly for e(U '" + 
k{UR)) and f(z,9) G C°° independent of k. 

We recall some notations we used before for the convenience of the reader. For r > 0, 
let D r = {(z, 9) = (x, 9) G M 2 ™- 1 ; \xj\ < r, \9\ < r, j = 1, . . . , 2n - 2}. Let F k be the 
scaling map: F k (z,9) = (-3=, |). From now on, we assume that k is large enough so 
that F k (D logk ) C D. On D logk , the scaled bundle F£A°> q T*(X) is the bundle with fiber 
F*A^T* zqA)) (X) := ^' lJl=q aje J (^, e f);ajeC,\J\ = q} at (z ,9 ) G D logk . We 
take the Hermitian metric ( | )p* on F^A 0,q T*(X) so that at each point (z , O ) G D\ Qgk , 



1 eJ (~7k > f ) > 1^1 = <?> ^ strictly increasing > 



is an orthonormal basis for F^A°' 9 T ( *, o eo) (X). For r > 0, let F k *Q°' q (D r ) denote the 

space of smooth sections of F k A°' q T*(X) over D r . Let -F£f^' 9 (.D r ) be the subspace of 
F^Q°' q (D r ) whose elements have compact support in D r . Given / G Q°' q (F k (D\ ogk )) 
we write / = Yl'\j\= q fj eJ ■ We define the scaled form F^f G F^Q ' q (Di ogk ) by: 

\J\— q 

Let P be a partial differential operator of order one on F k (D\ ogk ) with C°° coefficients. 
We write P = a(z, 9)f e + ^ n = ~ 2 aj {z, 9)£-, a, a 3 G C°°(F k (D logk )), j = 1, . . . , 2n - 2. 
The partial diffferential operator P(m on D\ ogk is given by 

,2,5) P it> = ^„ » + £ **£ = ^ |) » + 2 f «* (i, |) A. 



11 
Let / € C°°(F k (D logk )). We can check that 

(2-16) P(k)(F*f) = -^F* k (Pf)- 

The scaled differential operator d s ^ k ) : F k fi°' q (Dy ogk ) -» F k Q ' q+1 (D iogk ) is given by 
(compare d s , see (12. 9p ) 

n-l a 

Z V 



»..(*) = E e ; (4:> fc) A ( u m + ^ F k( u J R ) 



z 6>\ A > 



+ E4fe)(4^) A ^(^D' 



(2-18) d a , ik) FZf = — F*(d s f). 



From J23D and fl2~T6l) . we can check that if / e Q°> q {F k {D logk )), then 

1 

vT 

Let ( | )kF*<p be the inner product on the space F k Vt° c ' q {D\ ogk ) defined as follows: 
(/ I 9)kF^ = f Dlo Jf I g) F «e- kF ^(F* k m)(z,9)dv(z)dv(9), where mdv{z)dv{6) is the 
volume form, dv(z) = 2 n ~ l dx\ ■ ■ • dx2n-2, dv(0) = \/2d8. Note that m(0,0) = 1. Let 
Km : ^fc^°' <?+1 (Aogfc) ->■ -^fc^°' 9 (AogA;) be the formal adjoint of <9 s> ( fc ) with respect to 
( | )kFt(t> - Then, we can check that (compare d s , see (12.101) and (12. lip ) 

n— 1 fl a 1 

( 2 - 19 ) 

El / z 6\ .- ./ z 6»\ A >* 

where Sj G C°°(Di ogk ), j = 1, . . . ,n — 1, are independent of k. We also have 

(2-20) K M F*kf = 7| ** (5/)» / e ^°' 9+1 (^(Aa gfe )) • 

We define now the scaled Kohn Laplacian: 

(2.21) ni% } := d? s ,(k)d s ,(k) + d sM dlm : F^(D logk ) -► F^°'*(A ogfc ). 

From fl2TT81) and (T2T2TIJ) . we see that if / e fi°' 9 (F fe (Ao g fc)), then 

(2.22) (□11)^7 = ^(ni 9) /). 

From (12. 3p and (12. 5p . we can check that 

(2.23) F i(Jfc) + VkF;{UjR) = t^ + -^iXjZj— + e k Z j>k , j = 1, . . . , n - 1, 

on Aogfc; where e^ is a sequence tending to zero with k — y oo and Z^ is a first order 
differential operator and all the derivatives of the coefficients of Z^ k are uniformly 
bounded in k on D\ ogk , j = 1, . . . , n — 1. Similarly, from (12 .5p and (12. 6p . we can check 
that 

- U m + VkF* k (U t R) + VkF* k (U t( p ) + -^=F fc * Si 

(2-24) fi 1 _ 9 1 n ~ l _ 

= -q h —j=i\ t ztT^. 7=zA t ^t/3 + }Uj,tZj + S k V ttk , t = l,...,n-l, 

ozt V2 <9# a/2 ^ 
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on .Diogfc, where o~fc is a sequence tending to zero with k — > oo and V^ is a first order 
differential operator and all the derivatives of the coefficients of Vj t k are uniformly 
bounded in k on Aogfc, j = 1, • • • , n - 1. From (E23J, (E21 and ( I2T7JI . Q2H2J, (J22U), 
it is straightforward to see that 

Proposition 2.3. We have that 

n ii) = E [( - qt. + ijt^m - ijt^ + g *>' ~ z ) (w 3 + ift iZi w 

n—1 

on -Diogfc j where Ek is a sequence tending to zero with h — > oo and P& is a second 
order differential operator and all the derivatives of the coefficients of Pk are uniformly 
bounded in k on -Diogfc- 

Let D C D log fc be an open set and let Wfa^D; F*A°' q T*(X)), s e N := N U {0}, 
denote the Sobolev space of order s of sections of F£A°' q T*(X) over D with respect to 
the weight e~ kFk< ^°. The Sobolev norm on this space is given by 

(2.25) \\u\\ 2 kF ^ ,s,D = E / KeUj\ 2 e- kF ^(F^m)(z,e)dv(z)dv(e), 

aenl n ~\ | a |<« D 

\J\=Q 

where u = E|j|= g U J &J {^ f) e Wap^C ! F*A°' q T*{X)) and m is the volume form. 
If s = 0, we write IHI^^.j, D to denote IHIj.^*^ 0D - We need the following 

Proposition 2.4. For even/ r > with D 2r C Di og/ t and s G N U {0}, t/iere is a 

constant C r>s > independent of k, such that 

(2.26) 

IMIL^+la. < C ^( W u \\lF^ ,D 2r + ll n i 9 (fc) M llL^o,s,D 2r ) > M G i^°' 9 (Aogfc) . 

Proof. Since K(^) holds, we see from the classical work of Kohn (|2U Th. 7.7], [20], 
Prop. 5.4.10], p^5| Th. 8.4.3]), that O^i^ is hypoelliptic with loss of one derivative 

and we have (12.261) . Since all the derivatives of the coefficients of the operator O s 9 l, 
are uniformly bounded in k, if we go through the proof of [T5l pp. 193-199] (see also 
Remark [23] below), it is straightforward to see that C ryS can be taken to be independent 
offc. □ 

Remark 2.5. Put 

A = {all the coefficients of D^, <9 s ,( fe ), d* )(fc) , [U j{k) , U m ], U j{k), ^t(fc), 

j, t = 1, . . . , n - 1, and of kF^<p , F£m} 

and -B = {all the eigenvalues of C p }. From the proof of Kohn, we see that for r > 0, 
s G No, there exist a semi-norm P on C°°(D>2r) an d a strictly positive continuous 
function F : R — > R+ such that 

(2.27) 

IMIL^-h,^ < E/W)) + E/(A)) (WlL^o,^ + iKVllL*^)' 

where u G F^fi°' ,? (Di og fc). Roughly speaking, the constant C T)S in (I2.26P depends con- 
tinuously on the eigenvalues of C p and the elements of A in C°°(D 2r ) topology. (See 
also the proof of [321 Lemma 4.1].) 
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Lemma 2.6. Let a k G F k il°' q (Di ogk ) with D^Laifc — and \\<yk\\kF*<t> d ^ !• Then, 
there is a constant C, C is independent of k, such that |«fc(0)| ^ C. 

Proof. Fix r > 0, r small and let \ G C^(D r ), \ = 1 on Dr. Identify ct^ with a form 
in M 2n_1 by extending with zero. Then 



v Jr 2 "- 1 7 v Jr 2 ™- 1 



Ix(oH(o)| 



^ c \\ a k\\kF*<t> ,n,Dr ' 

where xoT k denotes the Fourier transform of xct k . Proposition 12.41 implies that there 
exists C > independent of k such that Hctfcll^*^ n Dr ^ C . The lemma follows. D 

Now, we can prove the first part of Theorem 11.51 (estimate (11.161) ). 
Theorem 2.7. There is a constant Co, Cq is independent of k, such that 

(2.28) k- n nl q \x )^C 

for all Xq G X . 

Proof. Let u k G H q b (X,L k ), \\u k \\ = 1. Set a k := k-^F*(e~ kR u k ) G F*n°> q (D logk ). We 
recall that R is given by (12. 5p . (See also (12. 7p .) We check that Hctfe!!^*,^ D ^ 1- 

Using (12.221) and (12.131) . it is not difficult to see that n\ s 9 L^a k = on D\ ogk . From this 

and Lemma [2~^l we see that |ct fc (0) | = k~ n |wfe(0)| ^ C(0), C(0) is independent of k. 
Let Xq be another point of X near 0. We can repeat the procedure above and 

|2 



get k~ n \u k {xo)\ ^ C(xo), with C(xo) independent of k. In view of Remark |2.5[ we 
see that the constant C(xq) can be taken to be uniformly bounded in some neigh- 
borhood of 0. Since X is compact, we get that there is a constant C independent 
of k, such that k~ n \u k (xo)\ ^ C for all Xq G X. Thus, for a local orthonormal 
frame {e J ; \J\ = q, J strictly increasing} we have k~ n S k j{xq) ^ C (see (12. ip for the 
definition of S k j). From this and Lemma [2.11 the theorem follows. □ 

2.3. The Heisenberg group H n . We pause and introduce some notations. We iden- 
tify R 2n_1 with the Heisenberg group H n := C n_1 x IR. We also write (z, 9) to denote 
the coordinates of H n , z = (zi, . . . , z n -\) G C n_1 , Zj = a?2j-i + i%2j, j = 1, . . . , n — 1, 
and 6 G R. Then 

^,H n , ^j,h„, t = —-7=QQ ; i = i, • • • , n - 1 

are orthonormal bases for the bundles A 1,0 T(H n ) and CT(H n ), respectively. Then 

n-1 

< dzj, dzj, u = V2d8 + }^(i\jZjdZj — iXjZjdZj) ;j — l,...,n — l> 

i=i 

is the basis of CT*(H n ) which is dual to {Uj t H„, Uj : n n , —T; j = 1, . . . , n — 1}. We take 
the Hermitian metric ( | ) on A 0,q T* (H n ) such that {dz J : \J\ — q, J strictly increasing} 
is an orthonormal basis of A°' q T* (H n ) . The Cauchy-Riemann operator df, t u n on H n is 
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given by 
(2.29) 

Put 4>o(z, I 



n-1 






+ YJjt=i N,t z j z t e C°°(H n ; R), where /3 and //j- it , j, £ = 1, . . . , n - 1, 



are as in (12.41) . Note that 



sup \kF£(j)o — ip \ — )• 0, as A; — )• oo. 
(«,e)eAog* 



(2.30) 
Let ( | )^ be the inner product on Q®' q (H n ) defined as follows: 



(f\g) 



ipo 



(f\g)e-^dv(z)dv(6), f , g e n° c « (H n ) 



11 n 



where dv(z) = 2 n ~ 1 dx 1 dx 2 ■ ■ ■ dx 2n -2, dv{6) = V2d9. Let W b '£ n : tt >i +1 (H n ) ->■ 
Q°' q (H n ) be the formal adjoint of db,H n with respect to ( | )^ . We have 



(2.31) 
where 
(2.32) 



KZ = £<#•* °^£ ■ ^ q+ \H n ) -, ^(H n 



t=i 



re— 1 1 

*t'J n = ~Ut,H n + U t>Hn % = -U t>Hn +^2nj,tZj - -j=J\ t ZtP 



jj*,i>o 



i=i 



V2 



The Kohn Laplacian on H n is given by 

(2-33) D&, = AhX'Z + d;%ld b ,H n : n°*(if B ) -► ^(fQ . 

From flZSSD , dZMD and fl2T32|) . we can check that 



D 



(?) 

b,Hn 

n-1 



n-1 



9l 



XI U 7Z U i,x n + J2 dz i A dz t'* [(tot - 7f Vi,*/ 3 ) + ^ A A^ 



(2.34) 



i=i 

n-1 



j,t=l 



n-1 



v/2 
1 



^ [( " |t + 7f A ^4 + £ ^* " 7f' A ^) (J" + ^ v 4) 



i=i 

n-1 

+ 2_. dzj A dz 

j,t=i 



■A,* 
t 



7 \ ft 

**''* ~ V2 Xj6j ' t/3 J + iy ^ X J S ^d9 



(?) 



2.4. The estimates of the Szego kernel function n k f. We need the following 

Proposition 2.8. For each k, pick an element «& G Fj*£l°' q (Di og k) with D^/La^ = 
^ 1 . Identify a^ with a form in H n by extending it with zero and 



and WaicWui?** n 



write ctk = Yl\j\=q a k,J eJ {7k, §)• Then there is a subsequence {a^} of {otk} such that 
for each strictly increasing multiindex J, \J\ = q, (Xk-,j converges uniformly with all 
its derivatives on any compact subset of H n to a smooth function otj. Furthermore, if 
we put a = Yl'\j\=q ctjd~z J , then d b q Hn a = 0. 

Proof. Fix a strictly increasing multiindex J, \J\ = q, and r > 0. From (I2.26J) and 
Remark |2.5[ we see that for all s > 0, there is a constant C rjS , C r>s is independent of k, 
such that ||ttfc,j|| s£ ). ^ C r ,s for all k. Rellich 's compactness theorem [3U, p. 281] yields 
a subsequence of {a^j}, which converges in all Sobolev spaces W s (D r ) for s > 0. From 
the Sobolev embedding theorem [Ml P- 170], we see that the sequence converges in all 
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C l (D r ), I ) 0, I 6 Z, locally unformly. Choosing a diagonal sequence, with respect 
to a sequence of D r exhausting H n , we get a subsequence {a^.,,/} of {ak,j} such that 
«fc h j converges uniformly with all derivatives on any compact subset of H n to a smooth 
function otj. 

Let J' be another strictly increasing multiindex, \J'\ = q. We can repeat the pro- 
cedure above and get a subsequce (aifc. ,j'} of {a^,/'} such that OLk ]s> j> converges 
uniformly with all derivatives on any compact subset of H n to a smooth function aij>. 
Continuing in this way, we get the first statement of the proposition. 

Now, we prove the second statement of the proposition. Let P = (pi, . . . ,p q ), R = 
(ri, . . . , r q ) be multiindices, \P\ = \R\ = q. Define 

0, if {pi,...,p q } ^{r u ...,r q }, 

the sign of permutation I R J , if {pi, . . . ,p q } = {n, . . . , r q }. 



■R 



jt p _ \ 0, if dzj A dz£'*(dz p ) = 0, 



a R ~ \ r-Q \f A^. A *=*,*( *=p 



For j, £ = 1, . . . , n — 1, define 

iz$'*(dz p ) 
e% if ^ A dz^*(dz p ) = dz Q , \Q\ --= q. 

We may assume that a,k,j converges uniformly with all derivatives on any compact 
subset of H n to a smooth function otj, for all strictly increasing J, \J\ = q. Since 
'-'s (k) ak = 0> fr° m the explicit formula of O s q L^ (see Prop. 12.31) . it is not difficult to see 
that for all strictly increasing J, \J\ = q, we have 



n— 1 ■ <-\ 



(2.35) 



^U*lHn U 3,H n Uk,J = 


- E' 




i=i 


1^1=9. 






1 < j , t <n- 


-1 



/ i \ ci 



O-k.P 



+ £kPk,J&k 

on Aogfe) where e^ is a sequence tending to zero with k — > oo and Pj^j is a second order 
differential operator and all the derivatives of the coefficients of P k ^j are uniformly 
bounded in k on D\ ogk . by letting k — > oo in ( I2.35P we get 

n— 1 . rj 

(2.36) ^^tt/j A a M = - ^ ct^ p [fij,t--j=^jSj,tPJ+V2iXj6 jt tQg a k)P 

i=i |P|=«, V 

on i7 n , for all strictly increasing J, \J\ = q. From this and the explicit formula of O b q H 
(see (I2.34p ). we conclude that D^' H a = 0. The proposition follows. □ 

Now, we can prove the main result of this section. In analogy to ( 12. ip we define the 
extremal functions Sf H on the Heisenberg group along the direction d~z J is defined by 

(2-37) SgjO) = sup { M0)| 2 ; d&jx = 0, \\ a \\^ = l} . 

where a = J2\j\= q otjd~z J . 

Theorem 2.9. We have 

limsupfc-"77 fc W (0K Y^S% n {U). 

\J\=q 

Proof. Fix a strictly increasing J, \J\ — q. We claim that 
(2.38) limsupfc-^COX 5^,(0). 



k— >oo 



By definition, there are a kj G H q (X, L J ), 1 1 ct fcj . 1 1 = 1, j = 1, 2, . . ., k\ < k-i < • • ■ , such 
that lim^oo k~ n |afcj,j(0)| = lim sup^^ k~ n S}?j(0), where ctk h j is the component of 
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n_ 

a kj in the direction of ej. On Aog*,, put [5 kj = fc, 2 F*.{ e - k J R a k] ) E F*Q°^{D 



log kj 



i(«) 



It is easy to see that ||/3 fc .|| fc ™^~ fc . < 1 and D^.^fe, = on A og fe r In view of 



«j^ fe <P0,^logfc- 

Proposition I2.8J we see that there is a subsequence {/3fc,- } of 1/3^} such that for each 
J, fik js ,j converges uniformly with all derivatives on any compact subset of H n to a 
smooth function /3j. Furthermore, if we put /3 = Yl'\p\=q fipdz F \ then 0^ Hn f3 = 0. 
From (12.30p . we can check that ||/3|L ^ 1. Thus, 

(2-39) l^(0)| 8 <Jf#^^^l(0). 

\\P Wlpo 

Note that lim^oo/c-^a^^O)! 2 = lim^^ |/3 fc . sjJ (0)| 2 = |/3j(0)| 2 . From this and 
( I2.39p . we get (12.38p . From Lemma l2.1[ the theorem follows. D 

3. The Szego kernel function on the Heisenberg group H n 

In this section, we will use the same notations as in section 3.2. The main goal of 
this section is to compute Y^\j\= q SjH n {fy- 

3.1. The partial Fourier transform. Let u(z,9) E Vt°' q (H n ) with \\u\\, = 1 and 

^i H n u = 0- Put v(z, 9) = u(z, 9)e~2 e and set $ — Y^j7=i ^h^jZt- We h ave 

\v(z,9)\ 2 e-^ z) dv(z)dv(9) = I . 

PutL 2 m (H n ,$ ) = {uE @'{H n ; A°> q T*(H n )); J Hn \u\ 2 e~' s ' dv(z)dv{9) < oo}. Choose 
X{9) e'cg°(R) so that X {9) = 1 when \9\ < 1 and X {9) = when \9\ > 2 and set 
Xj(0) = X(0/J), J e K Let 



(3.1) vfari) = / v(z } 9) Xj (9)e-^dv(9) E n°' q (H n ), j = 1,2 

Jr 

From Parseval's formula, we have 

\vj(z,tj) —v t (z,r})\ e~' s>0 ^ z 'dv(r])dv(z) 



= 2n ! \v(z,9)\ 2 \ Xj (9)-xt(9)\ 2 ^ o{z) dv(9)dv(z)^0, j,t^oo. 

J H n 

Thus, there is v(z,r)) E L? 0q JH n ,& ) such tht Vj(z,r)) — > v{z,r)) in L 2 Q JH n ,& ). We 
call v(z,r]) the Fourier transform of v(z,9) with respect to 9. Formally, 

(3.2) v(z,r])= f e- ier >v(z,9)dv(9). 

JH n 

Moreover, we have 

\v(z,r ] )\ 2 e-' s ' o(z) dv(z)dv(ri)= lim / |%(^,r/)| 2 e~* a{z) dv{z)dv{ri) 

(3.3) =2vrlim/ u(z, 9)e^ e Xj {9) * e~* oiz) dv{z)dv{9) 
= 2tt / |«(z, fl)| 2 e^*'^^)^) = 2vr < oo. 

From Fubini's theorem, J c „_ 1 | , 0(2;, r])\ e~^°^ z 'dv(z) < oo for almost all 77 E 1R. More 
precisely, there is a negligeable set A C K such that / c „_i|u(z, 7^)| e _ *°^dt)(^) < oo, 
for every i] ^ A . 
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Let s G L 2 g\(H n , $ )- Assume that J"|s(z, 7/)| rft>(r]) < oo and /|s(2, r])\ dv{rj) < oo 
for all z G C n_1 . Then, from Parseval's formula, we can check that 

(v(z,rj) | s{z,ri))e~ q ' ^ z ' dv{rf)dv{z) 

( 3 - 4 ) 

(u(z,6)e-$° | I e i0r >s(z,r])dv(r)))e-* oiz) dv(e)dv(z). 



We pause and introduce some notations. Fix n G R, put 

n— 1 n—1 

(3.5) $„ = -V277 ^ A,- |^f + Y, N,tZi*t e C^C"" 1 ; R). 

i=i i,t=i 

We take the Hermitian metric ( | ) on the bundle A°' 9 T*(C n_1 ) of (0, q) forms of 
C n_1 so that {d# J ; \J\ — q, J strictly increasing} is an orthonormal basis. We also 
let n°'9(C n_1 ) denote the space of smooth sections of A°' q T*(C n - 1 ) over C n_1 . Let 
f2° ,9 (C n-1 ) be the subspace of Q 0,q (C n ~ 1 ) whose elements have compact support in 
C n_1 and let ( | )$ be the inner product on ri°' 9 (C n_1 ) defined by (/ | gr)$ = 
JcU/ I ^)e-^Wdv(z), /, g G ^(C- 1 ). Let 

(3.6) Dg = d*'*"d + dd*'" v : fi^e 1 " 1 ) ->• n^e 1 - 1 ) 

be the complex Laplacian with respect to ( | )$ , where d ' '' is the formal adjoint of 
d with respect to ( | )$ . We can check that 

n-l „ n—1 r, 

(3-t) r: 

Now, we return to our situation. We identify A >9T*(C ft - 1 ) with A°> q T*(H n ). Set 

.„ .. n-1 

(3.8) a(z, 77) =0(2,77) exp (— =--/ =^)5^A,-U- " 



A 2v/2 v^ , , 



\7 1*3 I 



We remind that v(z,T)) is given by (13. 2p . 

Theorem 3.1. For almost all r] G R, we /iave J' c „_ 1 |a(^, 77) | e~^ r, ^ z 'dv (z) < 00 and 

(3.9) nga^,77) = 

m the sense of distributions. Thus a(z,r]) G Q 0,q (C n ~ 1 ) for almost all r\ G R. 

Proof. Let v4 C R be as in the discussion after (13. 3p . Thus, for all rj ^ A , 

\v{z,r])\ 2 e-^ z) dv{z)= [ \a(z,r])\ 2 e~ ^dv(z) < 00 . 



We only need to prove the second statement of the theorem. Let f(z) G Q® ,q (C n l ). 
Put h(rj) = fcn-i(a{z,ri) \ Ufj(z))e-*^dv(z) if r] £ A , h{j]) = if 77 G A . We can 
check that 

(3.10) \h(7])\ 2 < / \a(z,7])\ 2 e-^ {z) dv(z) [ pf f\ 2 e-^ {z) dv(z). 
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For R > 0, put <pr{t]) = t[- RtR ](rj)h(rj) , whe re 1 [_ J2,jj] (77) = 1 if -i? ^ r) < i?, 
1 [— -R.-R] (*7) = if 77 < —R or j] > R. From (I3.10p . we have 



\Vr(v)\ 2 dv(r]) = \h(r])\ 2 dv{rj) 
(3.11) J J - R 



^C \a(z,r])\ 2 e-^ {z) dv(ri)dv(z) =C \v(z,r])\ 2 e -* o{z) dv(ri)dv(z) < 



00 , 



where C > 0. Thus, <p R (n) e L 2 (R) n L 1 ^)- Set A \z\ 2 := YIjll \ \zj? ■ We have 

(3.12) 

f R 2 

(a(z, V ) I n^/(z))e-*"W^ fl (77)d«(»7)dt;^) 
^(3,77) j e-^-^^d'lfiz^^y-^dviridviz) 
^ ff(u(z,9) I /"e^e-(^i + ^' ? ) A| ^ |2+ ^n^(^ fl )^(77)) e -^^rft;(^)^(z). 



From Lemma 13.21 below, we know that 

^e-^ + ^^ 2+ - e n^(f(z)lp R ( V ))dv^ 



( 3 - 13 ) 

Put 

(3.14) SM) = j e^e~^ + ^ m2+ > 6 f{z)Tp R {r])dv{rj). 
From ( ETT5J) and (ETT3J) . ( ETT2J) becomes 

(3.15) y |%)| 2 ^(77) = Jf(u(z,9) I n^ n ^^))e-^^)^^)^(^. 

Choose x(0) e C °°(R) so that x(0) = 1 when |0| < 1 and x(0) = when \9\ > 2. 
Then, 

\h( V )\ 2 dv( V ) = lim //(«(*, 0) I x(f)D^£(M))e^^<M0)*>(*) 



(3.16) 



lim ( ll(n^ n u(z,9) I X (f)S(*,0)) e -*<*'«>£fo(0)cfo( 

u(M) I [x(f) ,D^]S(M))e^ ( ^<M0)*>(*) 
lim //(«(*, 0) I [*(?) ,n^j5-(^0))e-^^)^(0)^(z). 



We can check that [x(^) > ^j^ ] is a first order partial differential operator and all 

the coefficients of [x(^) , DJ; 9 # ] converge to as j — >■ 00 uniformly in and locally 
uniformly in z. Moreover, from Parseval's formula, (13. lip and (I3.14p . we can check 
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that 



E [\d°eS\ 2 e-^dv(8)dv(z) 

l«l<i 



< C E /A 1 + 1*1 + M + M I^D 2 l^/f l¥>flfo)l V*"«A;(z)<M»7) 

|a|<l 

^5 [\Mv)\ 2 dv( V )<oo, 



where C > 0, C > 0. Thus, 



lim 

j-too 



u(z,9) | [ X (f) ,Di«J5(z ) e))e-^^di;(e)dt;(z) = 0. 



R 



From this and ( I3.16p . we conclude that f_ R \h(r])\ dv(rj) = 0. Letting R — > oo, we 
get /i(^) = almost everywhere. We have proved that for a given f(z) G f^' 9 (C"'~ 1 ), 
J c „-i(<x(z,if) | D^ /(,&)) e^^di; (2) = almost everywhere. 

Let W^ q) {£ n -h : = {u G &{^~\ A^C- 1 )); £ w<2 /e^uf *>(*) < °°}- 
Since W^q )(C n_1 ) is separable and f^ j9 (C n_1 ) is dense in WL)(C n_1 ), we can find 
fj G fi^C"- 1 ), j = 1, 2, . . ., such that {f u f 2 , . . .} is a dense subset of Wj^CC 1-1 ). 
Moreover, we can take {/i, /2, . . .} so that for all g G fi° ,9 (C n_1 ) with suppg C £> r := 
{z G C n-1 ; |z| < r}, r > 0, we can find fj 17 fj 2 , . . ., supp fj t C B r , t = 1, 2, . . ., such 
that f jt -> for t -> oo in Wfo^C 1 " 1 ). 

Now, for each j, we can repeat the method above and find a measurable set Aj D A , 
\Aj\ = (A is as in the beginning of the proof), such that (a(z, ri) | D$ fj(z))$ = for 
all 7] £ Aj. Put A = \J j Aj. Then, \A\ = and for all r) $ A, (a{z, rj) \ ufjj(z))^ = 
for all j. Let g G Q®' q (C n ~ l ) with supp g C -B r . From the discussion above, we can 
find fjnfj2, ■ ■ •> SU PP fjt C B r ,t = 1,2,.. ., such that f jt -)■ # in Wj^C 1-1 ), £ ->■ oo. 
Then, for rj ^ A, 

(a(z, V ) | D^)«, = (a(z,t7) | D^fo - &))),, + (a(z, rj) \ DJg/*)«, 

= (a(z,r ] )\d£l(g-f Jt )))^. 



Now, 



(3.17) 



(a(z, V )\D^(g-f jt ))) 



(a(z, V )\n^(g-f n ))e-^dv(z) 



Br 



<CE [mg-f jt )\ 2 dv(z)^0, t->oo. 

Thus, for ri£A, (a(z, rj) \ U^g)^ = for all g G fi^C™" 1 ). The theorem follows. □ 

Lemma 3.2. Let f G Q® ,q (C n ~ l ). Let <p(rj) G L 2 (IR) with compact support. Then, we 
have 



e iev e 



^ + ^^ 2+ - e n^f(zM v )dv( v ) 

n b}in( I > e ie "e-(^2 + ^) A|2|2+ ^ f{ z )<p(rj)dv(rj) 



where A |2| = 2^ 7 =i A? Pi I • 
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Proof. For any g G fi°' 9 (C n_1 ), we can check that 

UtMn (^e-(W) A| ^j( Z M#M) 
(3.18) =(| + -^^(J^e-^^^^gizM^Mv)) 

J ozt 

where t = 1, . . . ,n — 1, 



/■ d 1 ., _ <9 ^ _ 1 ., _ _\ 



n-1 



where t = 1, . . . , n — 1, and 
(3.20) = y e ^ e -(^+^) A l z l 2+ ^ (^ - yfirjXfatgMridviri), 



where j, £ = 1, . . . , n — 1. From (j3.18p . (13.191) . (J3.20P and the explicit formulas for ( b 9 ' H 



(<?) 



iUi) 



i iJ n 



and Dgj (see fl2T3ip and (J32D), the lemma follows. D 

3.2. Estimates for the extremal function on the Heisenberg group. We will 

use the same notations as before. For i)6K, put 

L 2 {0>q) {C n -\ $„) = \u e Si'iC 1 - 1 - A°' q T*{C n - 1 )); f \u\ 2 e -^ {z) dv(z) < oo). 

Let B$ : L 2 Q JC n ~ 1 ,$ T] ) — > KerD$ be the Bergman projection, i.e. the orthogonal 
projection onto KerD^' with respect to ( | )$ . Let (B^)* be the adjoint of B^ with 
respect to ( | )*„. We have B<g = (BjJ)* = (i^) 2 . Let' 

B { ^{z,w) G C 00 ^ 71 - 1 x C"" 1 ; ^(A^T^C^^A^T^C 1 " 1 ))) 

JC"- 1 

be the distribution kernel of 4 with respect to ( | )$ . We take the Hermitian metrix 
( | ) on A 1,0 Ts(C n_1 ), z G C"" 1 , so that -S-, j = 1, . . . , n — 1, is an orthonormal basis. 
Let 

(3.21) M^ : A^T^C 1 " 1 ) ->■ A^r^C" -1 ) , z G C"" 1 

be the linear map defined by (M^U \ V) = (88%, UAV),U,Ve A^T^O 1 ' 1 ) . Put 
1R ={ri G R; M* has exactly o negative eigenvalues 

(3.22) ' ; . . , , 

and n — 1 — q positive eigenvalues}. 
The following is essentially well-known (see Berman [5]). 
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Theorem 3.3. If rj $ R q , then B$\z,z) = 0, for all z G C n_1 . If rj G M g; fet 
Zi(j]), . . ., Z n _i(rj) be an orthonormal frame of A 1 '°T z (C n ~ 1 ) , for which M$ is diago- 
nal. We assume that M$ v Zj(r)) = Vj{ri)Zj{ri) for j = 1, . . . ,n — 1, with Vj{rj) < for 
j = l,...,q and Vj{r]) > for j = q + 1, .. . ,n — 1. Let (Tj(rj))j = i t ... >n -i, denote the 
basis of A 0,1 T* (C n ~ 1 ) , which is dual to {Zj(Tl))j=i,...,n-i- Then, 

q 



(3.23) 

In particular. 

(3.24) 



<W) 



3 *^W(27r) 



-Tl+l 



^l(^)l 



'n-1 



(^in^^A^^Ar. 



TrBg(^): 



-fc^-A 



£'(B&>(z,z)d* J |dr 

[J[=9 

e^\2*)-^\vM\---K-M\^M 



,*•,(*) 



(27T) 



-n+l 



detM*„| 1^(77), 



^ (/ . 



where 1r (f/) «s t/ie characteristic function of] 

Remark 3.4. We recall that $,, = — V*^X)*Ti ^j \ z j\ + Y^7t=i ^3,t^j z t- Since the Levi 
form is non-degenerate and 1^ ((?) holds, we conclude that R g C [— R, R] for some i? > 0. 



ipo 



i. °ii M = °- As 



We return to our situation. Let u(z,9) G Q°' q (H n ), \\u\ 

before, let v(z,rj) be the Fourier transform of u(z,6)e~z e with respect to 0. From 
Theorem 13.11 we know that for a defined in (13.81) we have 

(3.25) a(z, V ) e KerDj) nL^^C™- 1 ,^,) n^'^C"- 1 ) 

for almost all r\ G R. Thus, a(z,rj) = f Cn _ 1 B^ (z, w)a(w , r])e~^ v ^ dv(w) for almost 
all 77 G R. Put v(z,i]) = Y2\j\=qVj( z i r\)d~z J . We have the following 

Lemma 3.5. For J strictly increasing, | J\ — q, z G C n_1 , we /jawe £/ia£ 

(3.26) \vj(z,7])\ 2 ^ e^^^ x ^\B ( i\z,z)dz J \ dz J ) [ \v(w :V )\ 2 e~^ w) dv(w) 

for almost all r) G R. 

Proo/. Let y2 G ^(C™- 1 ) such that / Cn _ 1 ^(z)du(^) = 1, y? ^ 0, y?(z) = if \z\ > 1. Put 
£(*) = j 2 ™-V(j^)e*" w , J = 1, 2, . . .. Then, f 0l - 1 f j {z)e- 9 ^dv{z) = 1 and f d (z) -» 5 
in the sense of distributions with respect to ( | )$ , that is, (/i(^) | fj{z))$ v — > ^(0), 
j -> oo, for all /i G C^C™" 1 ). Thus, for almost all r/ G R, 



(3.27) 



^E-r/A.I^I- 



vj(z ,ri) = \aj(zo,r})\ = lim (0(2,77) | fj(z-z )dz )$„ 



j-s-oo 



lim 



l(ff) 



(SWjal/^-zb)^)*, 



lim 



<~J^ 



(alB^/^-zo)^)) 



for all 2 = (zb.i, z ,2, • • • > ^o.n-i) G C n \ Now 



(3.28) 
and 

(3.29) 



(a(z, V )\B^ ) (f j (z-z )dz J ))^ 



^ a 



B^(f,(z-z )dr 



a 



Bfif^z-z^d-z 



<^J' 



*,: 



•^J\ 



I'll.";. B^{f J {z-z )d-z ^ 
\v\\l (B%>(f)(z z )dz J ) | Bg;(/i(^ " *>)<&■_))•, 



|i)||| (4! 7 ) (^o^o)^ J |^ J ), j 



—)• oo. 
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From (152711 . (1528)1 and (1525]) . we get for all 2 G C 



n-l 



^zgsi ^m ^^ ^ ii^n^ (jB w (zo5Zo) ^ | dgj) 



for almost all 77 G R. The lemma follows. 



D 



Put u(z,9) = Yl'\j\=q u j(, z i 6)dz J . We have the following 
Proposition 3.6. For \J\ = q, J is strictly increasing, we have 



(3.30) 



M0,0)| 2 < -^ f(B^(0,0)dz J I dz J )dv(ri). 



Proof. Let X e C °°(R), / H xdi>(0) = 1, X > and %£ G C °°(R), Xe (0) = ±x(f). Then, 

X £ — > 5o, £ — ?• + in the sense of distributions. Let Xe be the Fourier transform of 
Xe- We can check that |% £ (?7)| ^ 1 for all 77 G R, Xe(7?) = x( £? ?) an d h m e-s>oXe(?7) = 
lim^oX^??) = x(0) = 1. Let <^(z) be as in the proof of Lemma [3751 Put gj(z) = 
j 2n ~ 2 Lp(jz)e' s ' o( - z \ j = 1, 2, . . .. Then, for J is strictly increasing, \J\ = q, we have 



(3.31) uj(0, 0) = lim lim / yz,%^ 8 I x E (%,{^)e" #oW *(2)(lu(fl). 



From ( 13. 4p . we see that 



(3.32) 



(u(z,0)e-* e j Xe{0)gj{z)dz J )e-* o{z >dv{z)dv{6) 
£ ff(v(z,v) I Uv)9A^^ J )^° {z) Mv)dv(z) 



From (I3.26P and Theorem 13.31 we see that 



\vj(z,r])\ 2 ^ e^^=^^\\B^(z,z)dz J \ dz J )t Kq ( V ) [ \v(w,r])\ 2 e - 0o ^dv(w), 

for almost all 77 G R. Thus, for fixed j, // (w | 5 , j^ J )| e _$0 ^dw (77)^7; (2) < 00. From 
this and Lebesque dominated convergence theorem, we conclude that 



(3.33) 



lim // (v(z,rj) I X£( r l)9j( z )dz J )e ®°^ z >dv{rj)dv( 



(v(z,r)) j g,j(z)dz J )e ^ o{ - z ^dv(ri)dv(z). 



From (13321) and (13331 . (EUD becomes 



(3.34) uj(0,0) = lim — (v(z,rj) \ gAz)dz J )e-^ o{z) dv(r])dv{z) 

j— >oo 27T "' 
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Put fj(rj) = ^J(v(z,rj) | gj(z)dz J )e-*°Wdv(z). Since v(z,rj) £ n°'«(C n_1 ) for almost 
all 77, we have lim^oo /j(^) = ^iij(0,r)) almost everywhere. Now, 



(3.35) 
\fM\ 



1 

2^ 

1 

2^ 



(v(z,ri) | ^(^dF 7 )^* ^^*) 
(t)(z, 77) I j 2n - 2 <f{jz)dz J )dv(z 



M^i 



^ 



2vrV 



l*l<* 



|i)(^r;)| 2 e-* ^' 2n - 2 ^(^) 



7/ f V(i^)l 2 e $oW i 2n ~ 2 ^(2) 



^Ci 



N<i 



w(f,^) 



-*o<*/ J 'Wz' 



^C 2l / r 



^EJ=iA 



"- 1 \j£i 



Trfi, 



T,\j1 j. 



^R q (v)dv{z) 



v(w,r])\ e °^' w 'dv(w)) (here we used (I3.26P and Theorem 13.31) 



^Co 



\v{w,rj)\ 2 e - $ »W^w)'lM,(r|) 



S-qVlJI 



where Ci, 62,63 are positive constants. From this and Lebesque dominated conver- 
gence theorem, we conclude that 



«j(0,0) = lim / fj(r])dv(rj) = / lim fj(rj)dv(rj) = — / vj(0,rj)dv(rj) . 



Thus, 
(3.36) 



k/(o,o)K— / 1^(0,77)1^(7;). 

Z7T 



Since JJI^w, 77) | e ^ ^ w 'dv('r])dv(w) = 2tt we obtain from Lemma 13.51 that 

1^(0, 77) | 2 



(3.37) 



tjj(0, 77) |t/w(77) 



< 2tt 



J|t)(w,?7)| 2 e-*o^)<iv(w)) 
< 2tt f(B ( ^(0,0)dz J I dz J )dv{7]) 

From (I3.37P and (13. 36 p . the proposition follows. 



dv(7]) 



D 



From Proposition I3.6[ we know that for all u(z,6) = ^2\n =q uj(z,6)dz J £ f2 0,<? (if n ) 
(?) 

^0 J "' '~'b,H n ' 



\u\\,,._ = 1, D); y u it = 0, we have 



IM0,0)| 2 ^ l(B<;! ! (Q.0m' \<iZ-') ( lr(,,). 



M 



Thus, Sy^ n {0) < i/(S^ ; (0,0)c^ J I dz J )dv{rj) for all strictly increasing J, |J| = g. 



,(9) 



Hence S|j|=o Sjh„(®) ^ 2^ J^r-B^ (0, 0)dv(rj). From this and Theorem I3.3[ we get 



Theorem 3.7. We have Yf\j\=q Sj,H n ( Q ) < ( 27r )~™/R |detM$J ^(77), w/iere M$„ 
as m (I3.2ip and M. q is as in (I3.22p . 



is 
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3.3. The Szego kernel function on the Heisenberg group. In the rest of this 
section, we calculate the extremal function for the Heisenberg group (see Theorem 
I3TT0J) . 



For 77 G R, we can find Zj(rj) = Ylt=i a j,t(v) z t, 3 — 1, • • • ,ti — 1, such that $ r 



yn-l 



YTjZi u j(v) \ z j(v)\ , where ^1(77), • • • , v n -i(v), are the eigenvalues of M^, a jjt (r]) G C, 
j, t — 1, . . . , n — 1. If 77 G Rg, we assume that uiirf) < 0, . . . , v q {rj) < 0, z/ g+ i(r/) > 
0, . . . , z/ n _i(r/) > 0. The following is essentially well-known (see [5]). 

Proposition 3.8. Put 

(3.38) 0(3,77) = Co |detM$J l R9 (r7)e" l(,?)|2l(r ' )|2+ - + ^ (,?)l ^ (,?)|2 di 1 ^77 A • ■ ■ A di^?), 

_ 1 
where Cq = (27r) 1_ t( J R JdetM^I dv{rj)\ . Then, n$a(z, rj) = and 



(3.39) 



1 + \z\ 2 ) m ' \d™a(z,ri)\ 2 e-^ {z) dv(z) < 



oo 



and the value J* c „_i (l + |z| ) m \d™a(z,ri)\ e q ' ri ^dv{z) can be bounded by some positive 
continuous function of the eigenvalues of M$ v , 77 G R g; /or all m G Ng n_2 , m' G No- 
Moreover, we have 

(3.40) / \a(z,ri)\ 2 e-^ {z) dv(z) = 2n( [ |detM*„| dv^))' 1 |detM»J 1^(77). 

JC"- 1 Wr„ ' ' 



Set 
(3.41) 



wU, 



1_ f i0v+ ^ + (^ s .^ s ) x \ t \»^ z ^ dv ^ e n o ig( . 



2^ 



ifr, 



where a(z, 77) is as in (I3.38P and A |z| := X}j=i -\j l%l ■ 
Proposition 3.9. We have that 

(3.42) nfU = 0, 



(3.43) 

and 

(3.44) 

Moreover, we have 
(3.45) 



7/ 



^0 



K0,0)|=(27r)- n / \detM^\dv(rj) 



ii a 



d™dfu(z,6) e- Mz > e) dv(z)dv(6) < 



oc 



and the value J H Id^d™ u(z, 9)\ e ^°( z, 'dv(z)dv(9) can be bounded by some positive 
continuous function of the eigenvalues of M$ , 77 G R q , /3 and Xj, j = 1, . . . , n — 1, for 
all m G N 2 n - 2 , m' e N . 

Proof. In view of the proof of Lemma 13.21 we see that 



°il«(* 



6) = ±- j e ier!+ ^ + ^~^ {Uf v a){z, v )dv( V ) = 0. 
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We get ( B32D - Now, 

\u(z,6)\ 2 e-^ zfi) dv{z)dv{0) 



(3.46) 



1 



(2tt) 2 
1 



ier > + ^+(v5-^k) a (z,r})dv(r)) 



-W-totodvffldvi 



(2^) 2 
From Parseval's formula, we have 



e l v V2 < z < u(z,rj)dv{rj) 



dv{6)e-* o{z) dv{z). 



(3.47) 



ier,+ 3=\\z\ 2 



e V2 |z| a(z } 7])dv(ri) 



dv{9) = — I e^M 2 \ a ( Z:V )\ 2 dv(ri). 



(2^) 2 
In view of (I3.47p . (I3.46J) becomes 

\u(z,6)\ 2 e- Mzfi) dv{z)dv{6) = -*- / 1 \a(z,r])\ 2 e-^ {z) dv{z)dv{i 1 ). 

From f)3.40p . we can check that ^- JJ \a(z, n)\ e~^ r '^dv(z)dv(r]) = 1 so we infer (I3.43p . 
We obtain (I3.44p from the following 



Ko,o)| : 



(27T) 2 



a(0,r])dv(rj) 



(27T) 



2°0 



Idet M$ I du(77) 



IdetMftJd^). 



Finally, from (I3.39p . (13.41 p . Parseval's formula and the statement after (13. 39 p . we get 
(I3.45P and the last statement of this proposition. □ 



From Proposition 13.91 and Theorem 13.71 we get the main result of this section: 

Theorem 3.10. We have T!\j\=q S JH n (°) = (27r)~ n L \detM^\dv{r]), where M #r) is 
as in (I3.2ip and M. q is as in (I3.22p . 

4. SZEGO KERNEL ASYMPTOTICS AND WEAK MORSE INEQUALITIES ON CR 

MANIFOLDS 

In this section we first study the properties of the Hermitian form Mjf introduced in 
Definition 11.41 especially its dependence of local trivializations. We then prove (11.171) . 
i.e. the second part of Theorem 11.51 (cf. Theorem 14.41) . Finally, we prove Theorem 11.61 

Let s be a local trivializing section of L on an open subset D C X. Let <fi be the 
weight of the Hermitian metric h L relative to s, that is, the point-wise norm of s is 
|s(x)| 2 = e~^ x \ (j) G C°°(D; R). Until further notice, we work on D. Recall that M/, 
p G D, is the Hermitian quadratic form on A 1,0 T p (X) defined by 

M+(U,7) = ±(UAV, d(d b <f> - d h (j)){p)) , U,Ve A lfi T p (X) . 

Lemma 4.1. For any U,V G A lfi T p (X), pickU,V G C M (D; A 1 -°T(X)) that satisfy 
U(p) = U, V(p) = V. Then, 

(4.1) M+{U,V) = -~([W, V]{p)M{p) - d b <P( P )) + \{UV + VU)m- 

Proof. Recall that for a 1-form g and vectorfields V\, V 2 we have 

(4.2) (V l AV 2 ,dg) = V 1 ((V 2 ,g))-V 2 ((V 1 ,g))-([V 1 ,V 2 ],g), 
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Taking V 1 =U,V 2 =V and g = ~8 b <p - d b (j) in flOjl . we get 
(UAV,d(d b <j>-d b <f>)) 

= u((V,d b( p - m)) - v((u,d b( p - d b( p)) - ( [U,V],d b <j> - d b( p). 

Note that (V,d b (j)-d b (j)} = (V,d b (f>) = V>_and (U,d b (j)-d b <J)} =_(U, -d b <j)) = -U<p. From 
this observation, (J43D becomes (WAV, d(d b <p-d b <p)) = (UV+VU)(/>-{[U, V], d b ^-d b (f)). 
The lemma follows. D 

The definition of M^ depends on the choice of local trivializations. Let D be another 
local trivialization with D fl D 7^ 0. Let s be a local trivializing section of L on the 
open subset D and the point-wise norm of s is |s"(x)| = e~^ x \ G C°°(D; M). Since 
s = gs on D fl 7J>, for some non-zero CR function g, we can check that 

(4.4) j> = </>-2]og\g\ 
on D fl D. Moreover, we have the following 
Proposition 4.2. For p £ D C\ D, we have 

(4.5) M* = M f+ (11-11^)/^. 

Proof. From (IP]) , we can check that d b = ~3 b (j)-^ and <9 fe = 9^ - ^ on D n 5. 
From above, we have 

(4.6) ([ f/ ,F],^-^) = ([f/,F],^-^) + ([f/,F],^-^}, 

where [/, V G C°°(77 n 5; A 1 '°T(X)). From g2D, we have 
(UV + VU)(j)= (UV + VU)($+2\og\g\) 

VUg UVg 

9 9 

From lOjl . (ED and (TCI]), we see that 

^(J7(p),F(p)) =Jl#(tf(p),7(p)) - (p/,F](p), i^(p) - i^(p) 

(4.8) _ _ P ^ 

2 # 25- 

We write Jp,7] = Z + W + a(x)T, where Z, W G C°°(77 n 5; A 1 '°T(X)) and a(rr) G 
C°°(77 n D; C). We can check that a(p) = -2i£ p (U(p),V(p)). Since Wg = and 
Z# = (Z, <9&#) = ([U, V], dbg), we have 

(4.9) [U,V]g{p) = Zg{p) + a(p)Tg(p) = ([U,V](p), d b g(p)) - 2i£ p (U(p),V(p))Tg(p). 
Similarly, we have 

(4.10) [U,V]g(p) = ([U,V](p),d b g(p)) - 2i£ p (U(p),V(p))Tg(p). 
Combining (|Q)I . (HOOD with (|Q)I . we get 

M*(U(p),V(p)) = M$(U(p) } V(p))+iC p (U(p) 7 V(p))(^ - ^)(p). 

The proposition follows. □ 



/ 4 7 n = (C/V + VU)<f> + — ^ + —z^ (since V# = 0, Ug = 0) 
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Recall that K-^( p ), g was defined in (11.141) . From (I4.5p . we see that 

= {* + *(? -?);*e%P),*}- 

Since Y(q) holds, M(/,(p), g C [—R,R] for some i? > 0. 

From (14. 5p and (14.11|) . we see that the function x — >• L |det(M^ + sC x )\ ds 

does not depend on the choice of 0, where det(M^ + sC x ) is the product of all 
the eigenvalues of M£ + sC x . Thus, the function x — )■ L |det(M^ + sC x )\ ds 

is well-defined. Since M% and C x are continuous functions of x, we conclude that 
x — > J R |det(M^ + sC x )\ ds is a continuous function of x. 

Remark 4.3. We take local coordinates (x, 6) = (z, 8) = (xi, . . . , x 2n -2, #), Zj = x 2 j-i + 
«X2j , j — 1, • • • , n — 1, as in (12.31) and (12.41) defined on some neighborhood of p. Then, 
it is straight forward to see that C p = Y^j=i ^jdzj ®d~Zj and M^ = Y^Jj~t=i ^j,tdz t ®dzj. 
Thus, 

(4.12) / \det(M$ + s£ p )\ds= det (ji jit + s^AOJjii ds 

and 

^</>(p) 9 = { S £R; the matrix (/ij t + s5j jAj)?7=i nas 9 negative eigenvalues 

(4.13) ' -i ' 
and n — 1 — q positive eigenvalues j . 

We prove now the precise bound fll. 1T|> which is one of the main result of this work. 

Theorem 4.4. We have for all p E X 

limsup k- n nl q \p) <: (2n)- n f |det(M* + sC p )\ ds . 

Proof. Forp e X, let (x, 9) = (z,6) = (x l} . . . ,x 2n -i), Zj = x 2j -i+ix 2j} j = 1, . . -,n—l, 
be the coordinate as in (12.31) and (12. 4p defined on some neighborhood of p. From The- 
orem [23H we have that limsup^^ k~ n IJ^ 9 '(0) ^ Yl'\j\= q SjH n (®)- F rom Theorem 13.101 

we know that T,'\j\= q SjhA ) = ( 2rr )~ n Jr \det M 9tl \dv(rf), where Af*„ is as in <K21\f 
and W q is as in (I3.22p . Thus, 



(4.14) limsupfc-"i7 fc (9) (0) ^ (27r) _n f |detM^ 

fc->oo jR a 



dv{rf). 



(4.15) det M^ = det U^ t - v^AA t ) ' 



From (jSZZED , (I3T22D and the definition of $,, (see fl33])), we see that 

n-l 

and 

R g = {?? G K; the matrix ([ij,t — V^V^j,tXj) ■ t=l has q negative eigenvalues 
(4.16) ~~ 

and n — 1 — q positive eigenvalues}. 

Note that dv(rj) = ^/2drj. From this and |QB| . (OB)l . (I4TT2J) . (1413]) . it is easy to 
see that f R |det M&J dv(rj) = J R \det(M^ + sC p )\ds. From this and (14.141) . the 
theorem follows. □ 
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Proof of Theorem\TQ By (00]) - (OS]) we have dimH q (X,L k ) = f x njf\x)dm(x). In 

view of Theorem 12 .7\ su.p k k~ n JJ k (-) is integrable on X. Thus, we can apply Fatou's 
lemma and we get by using Theorem 14.41 

limsup k~ n dim H q (X,L k ) <: Mini sup k~ n II^ (x)dm(x) 

k— >oo J X fc— >oo 

^ (2n)- n I (I |det(Mf + sC x )\ ds)dm{x). 

JX •J^ ( p( x ), q 

The theorem follows. □ 



5. Strong Morse inequalities on CR manifolds 

In this section, we will establish the strong Morse inequalities on CR manifolds. 
We first recall some well-known facts. We know [21 Th. 7.6], [201 Th. 5.4.11-12], pH 
Cor. 8.4.7-8] that if Y(q) holds, then O^j. has a discrete spectrum, each eigenvalues oc- 
curs with finite multiplicity and all eigenforms are smooth. For AgI, let J^ b Q <x (X, L k ) 
denote the space spanned by the eigenforms of DJ, ^ whose eigenvalues are bounded by 
A and denote by n k<x the Szego kernel function of the space J^ b q <x (X, L k ). Similarly, 

let Jf? b q >x (X, L k ) denote the space spanned by the eigenforms of D b l whose eigenvalues 
are > A. 

Let Qb be the Hermitian form on Q°' g (X, L k ) defined for u, v G il°' q (X, L k ) by 

Q b (u,v) = (d b , k u | d b}k v) k + (K,k u I d*b,k v )k + I v) k = (□?*« I v) k + (u | v) k . 



Let fi°^(X, L k ) be the completion of fi°- 9 (X, L k ) under Q h in L 2 (0q) (X, L k ). For A > 0, 
we have the orthogonal spectral decomposition with respect to Q b : 

(5.1) W«(X,L") = J? b « x (X, L k ) © JZ« X (X,L"), 



where J? b q >x (X, L k ) is the completion of J^ b q >x (X,L k ) under Q b in Lf 0q) (X, L k ). 

Let u G je b q >x (X,L k ) nQ°'i(X,L k ). There are f) G J>f? b q >x (X,L k ) } j = 1,2,..., 
such that Q b (fj — u) — Y 0, as j — ¥ oo. From this, we can check that (D bk fj | fj) k — > 
(O bk u | w)fc, as j — > oo, and 

(5.2) \\uf = lim ||/, f = Hm(£ | /,), < lim ipg/,- | f j ) k = i(D$« | u) fc . 

We return to our situation. We will use the same notations as in section 3. For a given 
point p G X, let s be a local trivializing section of L on an open neighborhood of p and 
\s\ = e~^ . Let (x, 8) = (z,8) = (xi, . . . , x 2 „-2, #), % = ^2j-i + Mfy, J = l,...,n — 1, 
be the local coordinates as in (I2.3P and (12 .4p defined on an open set D of p. Note that 
(x(p), 9{p)) = 0. We identify D with some open set of H n . 

Let u(z,9) = J2\j\=g u A z ^) d ^ J e ^ q (H n ) be as in (RCTD and Proposition EH 
From (I3.45P and the statement after (13.451) . we know that the value 



d™d7 u 



-^°dv(z)dv(9) 



is finite and can be bounded by some positive continuous function of the eigenvalues 
of M $?7 , r] G R q , (3 and A,, j = 1, . . . ,n - 1, for all m! G N , m G N 2 ,™ -2 . Since X 
is compact, we deduce that for every m G N 2 ,™ -2 , m' G No, we can find M mjm / > 
independent of the point p, such that 

(5.3) j d™dfu 2 e-^dv{6)dv{z)<M m , ml . 
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Set p k (z,0) = Xk(Vkz,k6)Yl\j\ =q uj(Vkz,k6)e J (z,e) G Q°' q {D). Here x is a smooth 

function, ^ x ^ 1, supported on D\ which equals one on Di and Xk(z,9) = 

x(kTfc> 7gf r )- We remind that (ej)j=i,..., n -i denotes the basis of A 0,1 T*(X), which is 

dual to (C/j)j=i,..., n -i, where {JJj)j=i i ..., n -\ are as i n 023]). We notice that for k large, 
Supp/3fc C -Diogfc. From Proposition 12.31 and (I2.34p . we have 

(5-4) (n§ k) )(F*M = n^ Hn ( Xk (z,9)u(z,e)) + e k P k (F*p k ), 

where e k is a sequence tending to zero with k — > oo and P& is a second order differential 
operator and all the derivatives of the coefficients of P k are uniform bounded in k. Note 
that Dj^' Hn u = and sup( z m 6Dlo fc I/cF^q — "^o I ~ >• as &; — ?• oo (0 o is as in (12. 6p ). From 
this, (15. 4p and ( 15. 3p . we deduce that there is a sequence 5 k > 0, independent of the 
point p and tending to zero such that 

(5-5) \P%( F M\\ kFi , <^ 

Similarly, we have for all m G N 

( 5 - 6 ) II (°%r(FM |L*, "> as A: -► oo . 

Now define a k G Q°' q (X,L k ) by 

(5.7) a fc (z, 0) = s k k%e kR (3 k {z, 6) {R{z, 6) is as in fl2~5|) ). 
We can check that 

(5.8) fe- n K(0,0)| 2 = |/3 fc (0,0)| 2 = |m(0,0)| 2 = (27r)- n / |det(M* + s£ p )| rfs 

for all k, and 

||a fe || 2 = ! k n e k{R+R) \(3 k \ 2 e~ k,t> m{z,8)dv{z)dv{6) 



(5.9) 



fc n e-^° |/3 fc | 2 m(z,#)cfo(z)di;(#) 
- fc ^| Xfc (z,0)| 2 K^,^)| 2 m(^,f)rf^)^(0) 

-» / |w| 2 e^^eto^)^) = 1, as fc -)■ oo, 

where m(z,8)dv(z)dv(8) is the volume form. Note that m(0,0) = 1. Moreover, we 
have 



(5.10) 



fc n (fn<*>& | p k )e- k *°m{z,9)dv{z)dv{e) (by (J233D) 
(|F*(D^^) | F fc */3 fc ) F .e-^^(F»^(z)^(^) 

= J((d«} k) )F*(3 k | ^)^(W(z)4)(J) (by (J222D). 

From ( 15. 5 p and the fact that ll-Ffc/^ll^.j, ^ 1, we deduce that there is a sequence 
\i k > 0, independent of the point p and tending to zero such that 

(5.H) (Jnga* | o^ < /**• 

Similarly, from (15. 6p . we can repeat the procedure above with minor changes and get 

(5.12) ||(ing) m a fe ||->0 asfc^oo, 



30 



for all 77i G N. Now, we can prove 

Proposition 5.1. Let v k > be any sequence with lim^.. 

r(«) 






0, where fi k is as in 



(J5H]). Then,\immi k -,ook- n nt% k JO)^(2n)- n J \det(M* + sC p )\ds 



<P(p),q 



Proof. Let a k be as in (15. 7j) . From (15. ip . we have a?. = a^ + a 2 ., where a\ G 
■#"(*, £*), «2 e <> (X,L*). From (Q, we have 



a 



,>fcffc 



as fe — >■ oo. Thus, limfc_ 
(5.13) 

Now, we claim that 
(5.14) 



|a||| = 0. Since a k — > 1 as k — > oo, we get 
lim ||ajfc|| = 1. 



lim k~ n \ai(0) =0. 



On D, we write a 2 , = s k k^e kR (3l, /3| G fi ' 9 (£>). From (I2.26P and the proof of 
Lemma [2.61 we see that 

2 



(5.15) 



|^ fe 2 (0)r<^n-l,r(||^ fe 2 ||^ 



4>0,D r 



TJ 



(?) 



*/p2 



w, 



.•.(fc)^- 1 fc/^fc 



kF*<j> ,n-l,D, 



for some r > 0. Now, we have 



(5.16) 



I 7-!* nl 1 1 2 ^ 1 1 2 1 1 2 ^ t 

-^P*- Lc»j, n ^ a A- "^ 0, as ft -> oo. 

I K ' K \\kFT(po,D r II K M 



Moreover, from (12.261) and using induction, we get 



(5.17) 



P%F*[? k 



kF , s 1D < C 'H (°&) m ^A 

kF?4>o,n—l,D r ^—^ ' II u ' 



m=l 



2 
kF*<t>o,D T , 



for some r' > 0, where C" > is independent of fc. We can check that for all m G N, 



(5.18) (0?>) m FM 



(?) \m 77'* /o2 



(k)J 



< 



kF*<t> ,D r 



vfe LJ 6,ifc/' "fc 



< 



' 1 n(9) 



k U b,k) a k 



— >■ as fe — >■ 00. 



Here we used (021) . Combining (I5TT8J) . (Q7j) . (IBTTHj) with (I5TT5J) . we get 



lim \F^l(0)\ 2 = lim |/3 2 (0)| 2 = lim AT" |«1(0)| 2 = 0. 

fe— >00 fe— >00 ft— >OQ 

Hence (j5.14p follows. From this and ( 15. 8p . we conclude 

(5.19) lim k~ n \a\{Q)\ 2 = (2vr)- n I |det(Mf + sC p )\ ds. 

k— >oo Iw, 



H(p),q 



Now, 



L-njj{q) fn\ \ U-n \ a k 



k, ^kujc 



(0) > k~ 



Q 



HI 2 



-». (2tt)- 



Idet (ikCf + sC p )\ ds, as k — > 00. 



4>(p),i 



The proposition follows. 

Proposition 5.2. Let z/^ > fee any sequence with v^ — > 0, as k — >■ 00. Then, 

\imsupk- n I7 k % Uk (0) ^ (2tt)-" / |det(M* + s £ p )| ds. 



a 



V(P),9 
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Proof. The proof is a simple modification of the proof of Theorem 14.41 and in what 
follows these modifications will be presented. Let at E J^ b q ^ k (X, L k ) with ||afc|| = 1. 
On D, we write a& = s h k^e kR f3k, Pk & Q 0,q (D). From (12.261) and using induction, we 
get 



(5.20) \\F*M\ 2 kF ^ s+hDr < c r , s (\\F* k (3 k \\l F ^ hD2r + J2 ||(n$*)) m *»A 



m=l 



kF*4> ,D 2r 



We can check that IKn^r^JkH^^ < ||(in$) m «*|| < < -► 0. Thus, the 
conclusion of Proposition 12.81 is still valid and the rest of the argument goes through 
word by word. □ 



Proof of Theorems \1.7[ \1.8l and \1.9L We can repeat the proof of Theorem 12 . 71 and con- 



clude that for any sequence (u k ) with v k — y 0, as k — > oo, there is a constant C inde- 
pendent of k, such that k~ n IIp, f^ kl/ (xq) ^ C for all x E X. From this, Proposition 15. II 
and Proposition 15.21 and the fact that the sequence (//&) in (15.111) is independent of the 
point p, we get Theorem 11.71 By integrating Theorem 11.71 we obtain Theorem 11.81 By 
applying the algebraic Morse inequalities J2H1 Lemma 3.2.12] to the c^-complex (jl.5p 
we deduce in view of Theorem 11.81 the strong Morse inequalities of Theorem 11.91 □ 

6. Examples 

In this section, some examples are collected. The aim is to illustrate the main results 
in some simple situations. First, we state our main results in the embedded case. 

6.1. The main results in the embedded cases. Let M be a relatively compact 
open subset with C°° boundary X of a complex manifold M' of dimension n with a 
smooth Hermitian metric ( | ). Furthermore, let L be a Hermitian holomorphic line 
bundle over M' with fiber metric <fi. If s(x) is a local trivializing section of L on an 
open subset D C M', then \s(x)\ = e~^. If we restict L on the boundary X, then L is 
a CR line bundle over the CR manifold X. For p E X, let M*f be as in Definition 11.41 

Proposition 6.1. For U,V E A 1 '°T P (X), we have M+{U,V) = (dd^(p), U A V). 

Proof Let r E C°°(X; R) be a defining function of X. For U,V E A 1 '°T P (X), pick 
U, V E C°°(M'; A 1 '°T(M')) that satisfy U{p) = U, V(p) = V and U{r) = V(r) = in 
a neighborhood of p in M'. From (14. 2p . we have 

2{U A V, dd(f)) = {U A V, d(90 - 90)) 

= U{(y,d<p-d<p)) -V({U,d(f>-d(p)) -{[U,V],d<p-d<p). 

Note that (V,d(f) - 3(f)) = (V,d(f)) = V(j) and {U,d(j> - d(j>) = (U, -3(f)) = -U<\>. From 
this observation, (16.11) becomes 

(6.2) 2(UAV,dd(j)) = (UV + VU)(j) - ([U,V],d(f) ~ d(f>)- 
Since U{r) = V(r) = in a neighborhood of p in M', we have 

(UV + VU)(f)(p) = {U\ x V\x + V\ x U\x)(f>\x(p) 

and 

([U,V]M-d<f>)(p) = {[U\x,V\ x ]M\x-d b ^\x)(p), 

where U\x is the restriction to X of W and similarly for V and 0. From this observation 
and (I6.2p . we conclude that 

(6.3) 2(UAV,dd(/)){p) = {U\ x V\x + V\xK\x)<P\x(p)-([K\x,V\ x ] } d b( f ) \ x -d b( f ) \ x )(p). 
From (16.31) and Lemma 14.11 the proposition follows. □ 
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We denote by R x the restriction of R L to A 1,0 T(X). As before, let C p be the Levi 
form of X at p G X. We define the set K.^(p), g as in ( I1.14J1 . Set 

(6.4) I q (X,L):=f J \det(R x + s£ x )\dsdm{x). 



Now, we can reformulate Theorem 11.61 and Theorem 11.91 

Theorem 6.2. If the Levi form is non- degenerate and condition Y(q) holds, then 

dim H q (X,L k ) < k n (2n)- n I q (X,L) + o(k n ), 

If condition Y(j) holds, for all j = 0, 1, . . . , q, then 
q <j 

(6.5) ^(-l)«-Mim^(X,L fe ) ^ k n {2Ti)- n ^2(-l) q -U j (X,L) + o{k n ). 

3=0 j=0 

If condition Y(j) holds, for all j = q, q + 1, . . . , n — 1, then 

n—l n— 1 

^(-l) g -Mim^(X,L fc ) < k n {2Tr)- n ^2{-l) q - j P{X,L) + o{k n ). 

3=1 3=1 

Proof of Theorem M.12. The hypothesis of Theorem 11.121 imply that K^(p),o is nonempty 
and K^(p),i = for all p G X. Thus the strong Morse inequalities (16.51) for q — 1 imply 
the conclusion. □ 



Proof of Theorem 1.1 4\ Note that X and L satisfy the conditions of Theorem 11.121 



We have thus dim H®(X,L k ) = 0(k n ), k — > oo. Moreover, every CR function on 
X extends locally to a holomorphic function in a small open set of M. For b < c 
denote by Ml = {b < p < c}. Thus, there exist b < a < c such that the restriction 
morphism H°(M{;, E) — > H°(X, E) is an isomorphism for any holomorphic line bundle 
E -f M. Moreover, we know by [TJ that the restriction H°(M, E) -» H°(Mf;, E) is an 
isomorphism. Therefore 

(6.6) dim H°{M,L k ) = 0{k n ) , k ->• oo. 

Now, M is a (n— 2)-concave manifold in the sense of pQ in particular Andreotti-pseudo- 
concave (see [25, Def. 3.4.3]). By [263 Th. 3.4.5] there exists C > such that 

(6.7) dim#°(M,L fc ) < Ck Q \ for jfc > 1, 

where p^ = rnaxM\s fc rank $^ is the maximum rank of the Kodaira map 

(6.8) $ fc : M \ B k -> F(H°(M, L k )*) , $ fc (p) = { S G ff°(M, L fc ) : s(p) = 0} , 

and 5fc is the base locus of H°(M, L k ). Moreover, the field of meromorphic functions 
Km is an algebraic field of transcendence degree a(M) ^ dimM and k(L) := max^ g k ^ 
a(M). By (16. 6p and (16.71) we obtain that Qf. = n for large k and the desired conclusions 
follow. D 

A gobal version of Theorem 11.141 goes like follows. 

Corollary 6.3. Let M be a projective manifold, n = dimcM ; and let X = p~ 1 (0) C M 
be a compact hypersurface, where p G C°°(M, R) satisfies dp\x ^ 0. We assume that 
the Levi form of X is non- degenerate and has at least two negative and two positive 
eigenvalues. Let L — > M be a holomorphic line bundle whose curvature form R L is 
positive on X and the Levi form ddp\x satisfies the assumptions of Theorem \1.1"A 
Then there exists a divisor H C M \X such that 

dim H\M \ H, L k ) = dim H°{M, L k g> [-H]) = 0{k n ) , k -> oo . 
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Proof. Let us first observe that under the given hypotheses, there exist b < < c sucht 
that M' = {b < p < c} is a (n — 2)-convex-concave strip which fulfills the assumptions 
of Theorem Oil By (jfiTBj) . dim H°(M', L k ) = 0(k n ), k -»■ oo. Since M' is Andreotti- 
pseudoconcave, a theorem of Dingoyan [18J (which generalizes classical results of Barth, 
Chow and Rossi) shows that there exists a divisor H C M\X such that the restriction 
morphisms H°(M \ H,L k ) ->■ H°(M',L k ) and H°(M,L k <g> [-#]) ->■ H°(M',L k ) are 
isomorphisms. D 

6.2. Holomorphic line bundles over complex torus. Let 

T n := C n /(v / 2^Z n + iv^Z") 

be the flat torus and let L\ be the holomorphic line bundle over T n with curvature the 
(1, l)-form 9a = YTj=i ^jd- z j A ^i> where Xj, j = 1, . . . , n, are given non-zero integers. 
More precisely, L\ := C™ x C/ ~ , where (z, 6 1 ) ~ (z, 9) if 

s - z = (ai, . . . , a„) G v^ttZ" + iV^IT , = exp ( YTj=\ X j( z j®j + § \ a i? )) e ■ 

We can check that ~ is an equivalence relation and L\ is a holomorphic line bundle 
over T n . For [(z, 9)] G La we define the Hermitian metric by 

|[M)]^H0| 2 exp(-E?=iA;N 2 ) 

and it is easy to see that this definition is independent of the choice of a representative 
(z,9) of [(z, 9)]. We write <fi\{z) to denote this Hermitian fiber metric. Note that 
<9<90a = ©a- From now on, we assume that Xj < 0, for j = 1, . . . , n_ and Xj > 0, for 
j = n- + l,...,n. 

Let L* x be the dual bundle of L\ and let ||.|| L . be the norm of L* x induced by the 
Hermitian fiber metric on L\. Consider the compact CR manifold of dimension In + 1 
X — {v G L* x ; \\v\\ L * = 1}; this is the boundary of Grauert tube of L* x . 

Let 7r : L* x — y T n be the natural projection from L* x onto T„. Let L^ be another 
holomorphic line bundle over T n determined by the constant curvature form B M = 
S lTj=\\ x j^ z 3 A d~Zj, where fa, j = 1, . . . ,n, are given non-zero integers. The pullback 
line bundle ir*L^ is a holomorphic line bundle over L* x . The Hermitian fiber metric 
M on Lp induces a Hermitian fiber metric on tt*L^ that we shall denote by if). If we 
restict 7r*L M on X, then 7r*L At is a CR line bundle over the CR manifold X. 

The part of X that lies over a fundamental domain of T n can be represented in local 
holomorphic coordinates (z,£), where £ is the fiber coordinates, as the set of all (z,£) 
such that r(x, £) := |£| exp(^" =1 Aj |2j| ) — 1 = and the fiber metric ^ may be 
written as if)(z, £) = $^? =1 fa \zj\ . We can identify C p with ,, d ! „, E™ =1 A^dzj A c£zj. It 
is easy to see that ddip{p)\\i,o T ^ X ) = Yll=i Vjdzj A dz~j. We get for all p G X, s G M, 

n 

^(p)|ai,o t( x) + s£ p = XI (^ + MrTpj\\ Xj ) dZj A ^ ' 

Thus, if fa = Xj, j = 1, . . . , n, and q ^ ri-,n — n_, then R^p)^ = 0, for all pel. 
From this and Theorem 16.21 we obtain 

Theorem 6.4. If fa = Xj, j = 1, . . . , n, and q ^ n-,n — n_, then 

dimH q b (X, (7r*L M ) fc ) = o(k n+l ) , ask^oo. 

If fa = \Xj\, j = l,...,n, we can check that R^J > 0, for all p G X, where 
|^(p),o| denotes the Lebesque measure of R^( p ) i0 . Moreover, if q > and q ^ n_, n—n_, 
then M</)(p),g = 0, for all p G X. From this observation and strong Morse inequalities 
(Theorem 16.21) . we obtain 
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Theorem 6.5. If Hj = \Xj\, j = 1, . . . ,n, and Y(0), Y(l) hold, then 
dimH°{X, (vr*L M ) fc ) = 0(k n+l ) , as k -> oo . 

6.3. Compact Heisenberg groups: non-embedded cases. Let Ai,...,A n _i be 

given non-zero integers. Let ^Hn = (C n_1 x R)/^ , where (z, 9) ~ (z, 9) if 

z - z = a G V^FZ"" 1 + iV^Z 11 ' 1 , 9-9 + i J™Zl Aj {zjCtj - Zjoij) G vrZ . 

We can check that ~ is an equivalence relation and ffH n is a compact manifold of 
dimension 2n — 1. The equivalence class of (z, 0) G C™ -1 x R is denoted by [(z, 9)]. For 
a given point p = [(z, 9)], we define A 1,0 T p (^if n ) to be the space spanned by 

It is easy to see that the definition above is independent of the choice of a represen- 
tative (z,9) for [(z, 9)]. Moreover, we can check that A 1,0 T( < ^iJ n ) is a CR structure. 
Thus, (^ H n , A 1,0 T( ( ^' H n )) is a compact CR manifold of dimension In — 1. We take a 
Hermitian metric ( | ) on the complexified tangent bundle CT(ffII n ) such that 

-9 iXz— — -\-iXz — ■£■ • i = 1 n — 1 

is an orthonormal basis. The dual basis of the complexified cotangent bundleis 
< dzj , dzj , w := d9 + Ej=i (^j^jdzj — iXjZjdz~j);j = 1, . . . , n — 1 > . 

The Levi form C p of 'ioHn at p G ^i? n is given by £ p = Ej=i ^i^j A dzj. From 
now on, we assume that Ai < 0, . . . , A„_ < 0, A n _ + i > 0, . . . , A„_i > 0. Thus, the Levi 
form has constant signature (n_,n — 1 — n_). 

Now, we construct a CR line bundle over ^i? n . Let L = (C n_1 x R x C)/= where 
(z, (9, 7?) = (z, 9, rf) if 

(z, 9) ~ (z,9) , rj=rj exp(Ej=i l^j(zjaj + \ \a.j\ )) , for a = J- z . 

where /ii, . . . , /i n _i, are given non-zero integers. We can check that = is an equivalence 
relation and L is a CR line bundle over ^Hn. For (z, 9, n) G C n_1 x R x R we denote 
[(z, 9, 7))] its equivalence class. It is easy to see that the pointwise norm 

\[(z,9,r])}\ 2 : = |r/| 2 exp(-^^ 1 1 /iik J f) 
is well-defined. In local coordinates (z,9,rj), the weight function of this metric is 

(f) = YllZi n j \ z j\ ■ Note that 

db = E?=J <tej A ( Wi + iX i z m) ' ^ = Sf=i <*** A (^J - ^ijs)- 
Thus d(db4> — d\,<p) = 2 Ej=i /A^i A <^j an d ^p — Ej=i Mi^j A ^r Hence 
Af* + sC p = Ei=i(^i + sAj)dzj A ^ , for a11 P e ^#n, s G R. 

Thus, if /ij = Xj, for all j, and g/n_,n-l-fi_, then R^(p), g = 0, for all p G X. 
From this and Theorem ll.6[ we obtain 

Theorem 6.6. If fij = Xj, j = 1, . . . ,n — 1, and q ^ n_,n — 1 — n^, then 

dim H q b {^H n) L k ) = o{k n ) , as k ->■ oo . 

If /Xj = |Aj| for all j, we can check that K^(p),o| > 0, for all p G X, where |R0( p ) jO | 
denotes the Lebesque measure of R^( p ) i0 . Moreover, if q > and g^n_,n-l-n_, 
then R^(p), g = 0, for all p G X. From this observation and the strong Morse inequalities 
(Theorem 11.91) . we obtain 

Theorem 6.7. If fij = \Xj\, j = 1, . . . ,n — 1, and Y(0), Y(l) hold, then 

dim H%(tfII n , L k ) = 0{k n ) , as k -> oo . 
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